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Joino
Dimoribpoionm Joino Dimoribpoionm

We ofWen need Wo conVideU WZo Uandom YaUiableV WogeWheU -
foU inVWance, Ze ma\ conVideU

Whe lengWh and ZeighW of a VqXiUUel,
Whe loXdneVV and claUiW\ of a VpeakeU,
Whe blood concenWUaWion of PUoWein A, B, and C and Vo
on.

ThiV meanV WhaW Ze need a Za\ Wo deVcUibe Whe pUobabiliW\
of WZo YaUiableV jRinWl\. We call Whe Za\ Whe pUobabiliW\ iV
VimXlWaneoXVl\ aVVigned Whe "joinW diVWUibXWion".
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Joino
Dimolibpoionm

Dimcleoe RVm

Joino dimolibpoion of dimcleoe landom ualiablem

For seYeral discreWe random Yariable, Whe deYice W\picall\
Xsed Wo specif\ probabiliWies is a jRiQW SURbabiliW\ fXQcWiRQ.
The WZo-Yariable Yersion of Whis is defined.

A joint probabilit\ fXnction (joint pmf) for
discreWe random Yariables  and  is a
nonnegaWiYe fXncWion , giYing Whe
probabiliW\ WhaW (simXlWaneoXsl\)  Wakes Whe
YalXes  and  Wakes Whe YalXes . ThaW is,

ProperWies of a Yalid joinW pmf:

 for all 
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Joino
Dimolibpoionm

Dimcleoe RVm

Joino dimolibpoion of dimcleoe landom ualiablem

So Ze haYe probabilit\ functions for , probabilit\
functions for  and noZ a probabilit\ function for  and 

 together - that's a lot of s floating around though! In
order to be clear Zhich function Ze refer to Zhen Ze
refer to , Ze also add some subscripts

Suppose  and  are tZo discrete random Yariables.

Ze ma\ need to identif\ the joint probabilit\ function
using ,

Ze ma\ need to identif\ the probabilit\ function of 
b\ itself (aka the marginal probabilit\ function for )
using ,

Ze ma\ need to identif\ the probabilit\ function of 
b\ itself (aka the marginal probabilit\ function for )
using 
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Joino
Disoribpoions

Discreoe RVs

Joino pmf

For the discrete case, it is useful to give  in a table.

TZo bolt torqXes, cont'd

Recall the example of measure the bolt torques on the face
plates of a heavy equipment component to the nearest
integer. With
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Joino
Disoribpoions

Discreoe RVs

Joino pmf

Whe jRinW SURbabiliW\ fXncWiRn, , iV
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JaS_o
DSmolSbpoSa_m

DSmcleoe RVm

CaOFXOaWH:

b

b
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JaS_o
DSmolSbpoSa_m

DSmcleoe RVm

By summing up certain values of , probabilities
associated with  and  with patterns of interest can be
obtained.

Consider: 
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JaS_o
DSmolSbpoSa_m

DSmcleoe RVm

b
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JaS_o
DSmolSbpoSa_m

DSmcleoe RVm

b
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Malgi_al Dimolibpoia_Malgi_al Dimolibpoia_
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Joino
Dimolibpoionm

Dimcleoe RVm

Malginal dimolibpoionm

In a biYariate problem, one can add doZn columns in the
(tZo-Za\) table of  to get Yalues for the probabilit\
function of ,  and across roZs in the same table to
get Yalues for the probabilit\ distribution of , .

The indiYidual probabilit\ functions for discrete random
Yariables  and  Zith joint probabilit\ function 
are called marginal probabilit\ functions. The\ are
obtained b\ summing  Yalues oYer all possible
Yalues of the other Yariable.
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Jaino
Dimolibpoianm

Dimcleoe RVm

Cannecoing Jaino and Malginal Dimolibpoianm

UVe: JRinW WR MaUginal fRU DiVcUeWe RVV

LeW  aQd  be dLVcUeWe UaQdRP YaULabOeV ZLWK
MRLQW SURbabLOLW\ fXQcWLRQ TKeQ WKe PaUgLQaO
SURbabLOLW\ fXQcWLRQ fRU  caQ be fRXQd b\:

aQd WKe PaUgLQaO SURbabLOLW\ fXQcWLRQ fRU 
caQ be fRXQd b\:

`
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JaS_o
DSmolSbpoSa_m

DSmcleoe RVm

Example: [Torques, cont'd]

Find the marginal probabilit\ functions for  and  from
the folloZing joint pmf.
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JaS_o
DSmolSbpoSa_m

DSmcleoe RVm

GeWWLQg PaUgLQaO SURbabLOLW\ fXQcWLRQV fURP MRLQW
SURbabLOLW\ fXQcWLRQV begV Whe TXeVWLRQ ZheWheU Whe
SURceVV caQ be UeYeUVed.

Can Ze find joinW SUobabiliW\ fXncWionV fUom
maUginal SUobabiliW\ fXncWionV?
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Ca_dioia_al Dimolibpoia_Ca_dioia_al Dimolibpoia_
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Jaino
Dimolibpoianm

Dimcleoe RVm

Candioianal
Dimolibpoian

Candioianal Dimolibpoian af Dimcleoe Randam
Valiablem

When working with several random variables, it is often
useful to think about what is e[pected of one of the
variables, given the values assumed b\ all others.

For discrete random variables  and  with
joint probabilit\ function , the
conditional probabilit\ function of  giYen 

 is a fXnction of 

and the conditional probabilit\ function of 
giYen  is a fXnction of 
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Joino
Dimoribpoionm

Dimcreoe RVm

Condioional
Dimoribpoion

Example: [Torque, cont'd]

Find the following probabilities:
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Joino
Dimoribpoionm

Dimcreoe RVm

Condioional
Dimoribpoion

Example: [ToUTXe, conW'd]

b

b

b

b

b

b
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Joino
Dimolibpoionm

Dimcleoe RVm

Condioional
Dimolibpoion

Indeiendence

Let's start with an example. Look at the following joint
probabilit\ distribution and the associated marginal
probabilities.

What do \ou notice?
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Joino
Dimolibpoionm

Dimcleoe RVm

Condioional
Dimolibpoion

Indeiendence

Discrete random variables  and  are independent if
their joint distribution function  is the product of
their respective marginal probability functions. This is,

independence means that

If this does not hold, then  and  are
dependent

AlternatiYel\, discrete random variables  and  are
independent if for all  and ,

If  and  are not only independent but also have the
same marginal distribution, then they are independent
and identicall\ distribXted (iid).
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Chaioel �¨�¢ Fp_coia_m af Ra_damChaioel �¨�¢ Fp_coia_m af Ra_dam

ValiablemValiablem
Remplom a_d ThealemmRemplom a_d Thealemm
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Fpncoionm of
RVm Fpncoionm of Random Variablem

A random Yariable can be WhoXghW of as a fXncWion Zhose
inpXW is an oXWcome and Zhose oXWpXW is a real nXmber.
When Ze Wake a fXncWion of Whe YalXe Whe random Yariable
Wakes, Whe resXlWing YalXe is sWill depends on Whe oXWcome of
a random e[perimenW - in oWher Zords: fXncWions of
random Yariables are random Yariables.

This means WhaW a fXncWion of a random Yariable Zill haYe
probabiliWies aWWached Wo Whe YalXe iW Wakes, based on Whe
YalXe Waken b\ Whe random Yariable. IW also means
fXncWions of random Yariables Zill haYe:

probabiliW\ fXncWions (if discreWe) or
probabiliW\ densiW\ fXncWions (if
conWinXoXs)
cXmXlaWiYe probabiliW\ fXncWions (if
discreWe) or cXmXlaWiYe densiW\ fXncWions
(if conWinXoXs)
e[pecWed YalXes and Yariances ...
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Fpncoionm of
RVm

Linear
Combinaoionm

Linear combinaoionm

For engineering pXrposes, it often sXffices to knoZ the
mean and Yariance for a fXnction of seYeral random
Yariables,  (as opposed to
knoZing the Zhole distribXtion of ). When  is lineaU,
there are e[plicit fXnctions.

PURSRViWiRn: If  are  indeSendenW
random Yariables and  are  constants,
then consider

U is itself a random Yariable as it is a linear
combination of n indeSendenW random
Yariables
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Fpncoionm of
RVm

Lineal
Combinaoionm

Lineal combinaoionm²cono¬d³

U, aV a UaQdRP YaUiable haV PeaQ

aQd YaUiaQce
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Fpncoionm of
RVm

Linear
Combinaoionm

Example:

Sa\ Ze haYe WZo independenW random YariableV  and 
ZiWh , and 

. Find Whe mean and Yariance for

U = 3 + 2X - 3Y

b

b

b

b

b

b

V = -4X + 3Y
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Fpncoionm of
RVm

Linear
Combinaoionm

Example:

Sa\  aQd 
. CaOcXOaWe Whe PeaQ aQd YaUiaQce

Rf .
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Fp_coia_m af
RVm

Li_eal
Cambi_aoia_m

Samile Mea_

A SaUWLcXOaUO\ LPSRUWaQW XVe RI IXQcWLRQV RI UaQdRP
YaULabOeV cRQceUQV  LLd UaQdRP YaULabOeV ZKeUe eacK 

 IRU . TKeQ Ze caQ deILQe WKe

UaQdRP YaULabOe  aV IROORZV

NRWe WKaW  LV a UaQdRP YaULabOe

We caQ WKeQ ILQd WKe PeaQ aQd YaULaQce RI WKLV UaQdRP
YaULabOe.
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Fp_coia_m af
RVm

Li_eal
Cambi_aoia_m

Samile Mea_

aV Whe\ UeOaWe WR Whe SRSXOaWiRQ SaUaPeWeUV  aQd 
.

FRU indeSendenW YaUiabOeV  ZiWh cRPPRQ
PeaQ  aQd YaUiaQce ,

b

b

b

b
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^i\e Mea_

Whao im ohe iai_o©

It does not matter if Ze are Zorking Zith discrete or
continuous random variables, as long as Ze have an
independent and identicall\ distributed (iid) sample of
si]e  Zith the same mean  and the same variance ,

the random variable  has

and

The point is that the variance of a sample mean
of si]e  is the population variance devided b\
the sample si]e  Zhich makes it smaller

i.e. as the sample si]e increases, the variabilit\
of the sample mean decreases.
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Fp_coia_m af
RVm

Li_eal
Cambi_aoia_m

Samile Mea_

Example:[Seed lengths]

One botanist measured the length of  seeds from the

same plant. The seed lengths measurements are 

. Suppose it is knoZn that the seed

lengths are iid Zith mean  mm and variance 

mm.

Calculate the mean and variance of the average of  seed

measurements.
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Ce_ola\ Li^io Theale^Ce_ola\ Li^io Theale^
The MoVW ImpoUWanW ReVXlW in SWaWiVWicVThe MoVW ImpoUWanW ReVXlW in SWaWiVWicV
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^i\e Mea_

CLT

Ce_ola\ \i^io oheale^

One of the most freqXentl\ Xsed statistics in engineering

applications is the sample mean. We can relate the mean

and Yariance of the probabilit\ distribXtion of the sample

mean to those of a single obserYation Zhen an iid model is

appropriate.

In the case of the sample mean, if the sample si]e ($n$) is

large enoXgh, Ze can also appro[imate the shape of the

probabilit\ distribXtion fXnction of the sample mean!
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^i\e Mea_

CLT

Ce_ola\ \i^io oheale^

If  are iQdeSeQdeQW and ideQWicall\
distributed (iid) random variable (with mean  and

variance ), then for large , the variable  is
appro[imatel\ normall\ distributed. That is,

This is one of the mRVW imSRUWaQW results in statistics.
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^ile Mea_

CLT

E[ample: [Tool serial numbers]

Consider selecting the last digit of randoml\ selected serial
numbers of pneumatic tools. Let

A plausible model for the pair of random Yariables 
 is that the\ are independent, each Zith the

marginal probabilit\ function
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^ile Mea_

CLT

E[ample: [TRRO VHULaO QXPbHUV]

WLWK  aQG .

UVLQJ VXcK a GLVWULbXWLRQ, LW LV SRVVLbOH WR VHH WKaW 

 KaV SURbabLOLW\ GLVWULbXWLRQ
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^ile Mea_

CLT

E[ample: [Tool serial numbers]

Comparing the tZo distributions, it is clear that eYen for a
completel\ flat/uniform distribution of  and a small
sample si]e of , the probabilit\ distribution of 
looks more bell-shaped than the underl\ing distribution.
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^ile Mea_

CLT

NRZ cRQVLdeU OaUJeU aQd OaUJeU VaPSOe VL]eV, 
:

WaWcK KRZ CLT ZRUNV KeUe
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^ile Mea_

CLT

E[ample: [SWamp Vale Wime]

Imagine \oX are a VWamp ValeVperVon (on eBa\). ConVider
Whe Wime reqXired Wo compleWe a VWamp Vale aV , and leW

Each indiYidXal Vale Wime VhoXld haYe an 
 diVWribXWion. We ZanW Wo conVider

appro[imaWing .
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^ile Mea_

CLT

E[ample: [CaUV]

SXSSoVe a bXnch of caUV SaVV WhUoXgh ceUWain VWUeWch of
Uoad. WheneYeU a caU comeV, \oX look aW \oXU ZaWch and
UecoUd Whe Wime. LeW  be Whe Wime (in minXWeV) beWZeen
Zhen Whe  caU comeV and Whe  caU comeV foU 

. SXSSoVe \oX knoZ Whe aYeUage Wime
beWZeen caUV iV  minXWe.

Find Whe SUobabiliW\ WhaW Whe aYeUage Wime gaS beWZeen
caUV foU Whe ne[W 44 caUV e[ceedV 1.05 minXWeV.
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^ile Mea_

CLT

E[ample: [Bab\ food jaUV, conW'd]

The pUoceVV of filling food conWaineUV appeaUV Wo haYe an
inheUenW VWandaUd deYiaWion of meaVXUed fill ZeighWV on
Whe oUdeU of . SXppoVe Ze ZanW Wo calibUaWe Whe filling
machine b\ VeWWing an adjXVWmenW knob and filling a UXn of

 jaUV. TheiU Vample mean neW conWenWV Zill VeUYe aV an
indicaWion of Whe pUoceVV mean fill leYel coUUeVponding Wo
WhaW knob VeWWing.

YoX ZanW Wo chooVe a Vample Vi]e, , laUge enoXgh WhaW
WheUe iV an \% chance Whe Vample mean iV ZiWhin g of
Whe acWXal pUoceVV mean.
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^ile Mea_

CLT

E[ample: [PrinWing miVWakeV]

SXppoVe Whe nXmber of prinWing miVWakeV on a page
folloZV Vome XnknoZn diVWribXWion ZiWh a mean of  and
a Yariance of . AVVXme WhaW nXmber of prinWing miVWakeV
on a prinWed page are iid.

WhaW iV Whe appro[imaWe probabiliW\ diVWribXWion of
Whe aYerage nXmber of prinWing miVWakeV on 50 pageV?

b

b

b

Can \oX find Whe probabiliW\ WhaW Whe nXmber of
prinWing miVWakeV on a Vingle page iV leVV Whan 3.8?

b

b

b
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Fp_coia_m af
RVm

Li_eal
Ca^bi_aoia_m

Sa^ile Mea_

CLT

E[ample: [Printing mistakes]

Can \ou find the probabilit\ that the aYerage number
of printing mistakes on 10 pages is less than 3.8?

b

b

b

Can \ou find the probabilit\ that the aYerage number
of printing mistakes on 50 pages is less than 3.8?
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