
./�/Ã����Ã
O;flHiÃ�./�/Ã����Ã
O;flHiÃ�

*;ilÃ��*;ilÃ��

�[P\Ã.OPi;xP�[P\Ã.OPi;xP

&RXUVH�SDJH�&RXUVH�SDJH�
DVKLUD]LVW�JLWKXE�LR�VWDW���BV�����JLWKXE�LRDVKLUD]LVW�JLWKXE�LR�VWDW���BV�����JLWKXE�LR

������������



�PjDiHlHÃ-;\F^[Ã5;iP;CYHj�PjDiHlHÃ-;\F^[Ã5;iP;CYHj

�H;\P\N�Ã0jH�Ã;\FÃ
^[[^\Ã�PjliPCmlP^\j�H;\P\N�Ã0jH�Ã;\FÃ
^[[^\Ã�PjliPCmlP^\j

������������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�H\Hi;YÃ�\M^Ã�C^mlÃ�PjDiHlHÃ-5j

-H[P\FHi�Ã6O;lÃPjÃ;Ã-;\F^[Ã5;iP;CYH¤

5DQGRP�9DULDEOHV��ZH�KDYH�DOUHDG\�GHILQHG��WDNH�UHDO�
QXPEHUHG��� ���YDOXHV�EDVHG�RQ�RXWFRPHV�RI�D�UDQGRP
H[SHULPHQW�

,I�ZH�NQRZ�WKH�RXWFRPH��ZH�NQRZ�WKH�YDOXH�RI�WKH
UDQGRP�YDULDEOH��VR�WKDW�LVQ
W�WKH�UDQGRP�SDUW��
+RZHYHU��EHIRUH�ZH�SHUIRUP�WKH�H[SHULPHQW�ZH�GR
QRW�NQRZ�WKH�RXWFRPH���ZH�FDQ�RQO\�PDNH�VWDWHPHQWV
DERXW�ZKDW�WKH�RXWFRPH�LV�OLNHO\�WR�EH��L�H���ZH�PDNH
�SUREDELOLVWLF��VWDWHPHQWV��
,Q�WKH�VDPH�ZD\��ZH�GR�QRW�NQRZ�WKH�YDOXH�RI�WKH
UDQGRP�YDULDEOH�EHIRUH�WKH�H[SHULPHQW��EXW�ZH�FDQ
PDNH�SUREDELOLW\�VWDWHPHQWV�DERXW�ZKDW�YDOXH�WKH�59
PLJKW�WDNH�

������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�H\Hi;YÃ�\M^Ã�C^mlÃ�PjDiHlHÃ-5j

-H[P\FHi�Ã6O;lÃPjÃ;Ã-;\F^[Ã5;iP;CYH¤

������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\


^[[^\Ã/Hi[jÃ;\FÃ ^l;lP^\ÃM^iÃ�PjDiHlHÃ-5j

2I�FRXUVH��ZH�FDQ
W�LQWURGXFH�D�VRUW�RI�QHZ�FRQFHSW
ZLWKRXW�LQWURGXFLQJ�D�ZKROH�ORW�RI�QHZ�WHUPLQRORJ\�

:H�XVH�FDSLWDO�OHWWHUV�WR�UHIHU�WR�GLVFUHWH�UDQGRP
YDULDEOHV�� �� �� �����

:H�XVH�ORZHU�FDVH�OHWWHUV�WR�UHIHU�WR�YDOXHV�WKH�GLVFUHWH
59V�FDQ�WDNH�� �� �� �� �����

:KLOH�ZH�FDQ�XVH� �WR�UHIHU�WR�WKH�SUREDELOLW\�WKDW
WKH�GLVFUHWH�UDQGRP�YDULDEOH�WDNHV�WKH�YDOXH� ��ZH�XVXDOO\
XVH�ZKDW�ZH�FDOO�WKH�SUREDELOLW\�IXQFWLRQ�

)RU�D�GLVFUHWH�UDQGRP�YDULDEOH� ��WKH�SUREDELOLW\
IXQFWLRQ� �WDNHV�WKH�YDOXH�

,Q�RWKHUZRUGV��ZH�MXVW�ZULWH� �LQVWHDG�RI� �

������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

8VLQJ�UDQGRP�YDULDEOHV�ZH�FDQ�WUDQVODWH�HYHQWV�LQWR�WKH
ZRUOG�RI�PDWKHPDWLFV�DQG�SUREDELOLW\��6R��ZH�FDQ�WKHQ
H[SUHVV�HYHQW�RFFXULQJ�LQ�WKH�ODQJXDJH�RI�SUREDELOLW\

������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\


^[[^\Ã/Hi[jÃ;\FÃ ^l;lP^\ÃM^iÃ�PjDiHlHÃ-5j

:H�DOVR�KDYH�DQRWKHU�IXQFWLRQ�UHODWHG�WR�WKH�SUREDELOLWLHV�
FDOOHG�WKH�FXPXODWLYH�SUREDELOLW\�IXQFWLRQ�

)RU�D�GLVFUHWH�UDQGRP�YDULDEOH� �WDNLQJ�YDOXHV�
WKH�&')�RU�FXPXODWLYH�SUREDELOLW\�IXQFWLRQ�RI� �� ��LV
GHILQHG�DV

:KLFK�LQ�RWKHU�ZRUGV�PHDQV�WKDW�IRU�DQ\�YDOXH� �

DQG

������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

1RWH�WKDW

'LVFUHWH��3UREDELOLW\�0DVV�)XQFWLRQ��SPI�

&RQWLQXRXV��3UREDELOLW\�'HQVLW\�)XQFWLRQ��SGI�

$�SUREDELOLW\�PDVV�IXQFWLRQ��SPI��JLYHV�SUREDELOLWLHV�RI
RFFXUDQFH�IRU�LQGLYLGXDO�YDOXHV�

������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

L�H��D�GLFUHWH�UDQGRP�YDULDEOH�;�WDNHV
LQGLYLGXDO��GLVFUHWH��YDOXHV�LQ�DQ�LQWHUYDO�

H�J�

RU

EXW

RU

������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

3URSHUWLHV�RI�D�YDOLG�SUREDELOLW\�IXQFWLRQ�

,Q�RUGHU�WR�KDYH�D�YDOLG�SPI�ZH�QHHG

��� �IRU�

��� ��SUREDELOWLHV�VXP�WR�RQH�

([DPSOH

/HW� �EH�D�SPI�GHILQHG�DV

:KDW�YDOXH�RI�D�PDNHV� �D�YDOLG�SPI"

�������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

3URSHUWLHV�RI�D�YDOLG�SUREDELOLW\�IXQFWLRQ�

([DPSOH

���

��� ��VR�

ZKLFK�JLYHV�XV�

�������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\


^[[^\Ã/Hi[jÃ;\FÃ ^l;lP^\ÃM^iÃ�PjDiHlHÃ-5jÃ¬D^\l

7KH�YDOXHV�WKDW� �FDQ�WDNH�DQG�WKH�SUREDELOLWLHV�DWWDFKHG
WR�WKRVH�YDOXHV�DUH�FDOOHG�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�
��VLQFH�ZH�DUH�WDONLQJ�DERXW�KRZ�WKH�WRWDO�SUREDELOLW\��

JHWV�VSUHDG�RXW�RQ��RU�GLVWULEXWHG�WR��WKH�YDOXHV�WKDW� �FDQ
WDNH��

([DPSOH

6XSSRVH�WKDW�WKH�ZH�UROO�D�GLH�DQG�OHW� �EH�WKH�QXPEHU�RI
GRWV�IDFLQJ�XS�

'HILQH�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI� ��)LQG� ��
�� �DQG� �

�������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

5HFDOO��SPI��

&')��

�������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

:H�FDQ�ZULWH�ZULWH�WKH�SPI�DQG�&')�RI�7�LQ�D�WDEOH�OLNH

7 � � � � � �

I�7� ��� ��� ��� ��� ��� ���

)�7� ��� ��� ��� ��� ��� �

�������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

([DPSOH��>7RUTXH@

/HW� �WKH�WRUTXH��URXQGHG�WR�WKH�QHDUHVW�LQWHJHU�
UHTXLUHG�WR�ORRVHQ�WKH�QH[W�EROW�RQ�DQ�DSSDUDWXV�

= �� �� �� �� �� �� �� �� �� ��

I�]� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����

&DOFXODWH�WKH�IROORZLQJ�SUREDELOLWLHV�

�������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

([DPSOH��>7RUTXH@

= �� �� �� �� �� �� �� �� �� ��

I�]� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����

�������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

([DPSOH��>7RUTXH@

= �� �� �� �� �� �� �� �� �� ��

I�]� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����

7KDW�LV�D�YHU\�ORQJ�ZD\��$�VPDUWHU�ZD\�LV�WR�XVH
FRPSOHPHQW�SUREDELOLW\�

�������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

([DPSOH��>7RUTXH@

= �� �� �� �� �� �� �� �� �� ��

I�]� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����

�������



�^iHÃ^\Ã
m[mY;lPrHÃ*i^C;CPYPluÃ�m\DlP^\Ã¬
���^iHÃ^\Ã
m[mY;lPrHÃ*i^C;CPYPluÃ�m\DlP^\Ã¬
��

��������������



�H\Hi;YÃ�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

�^iHÃ^\Ã
��

7KH�FXPXODWLYH�SUREDELOLW\�GLVWULEXWLRQ��FGI��IRU
D�UDQGRP�YDULDEOH� �LV�D�IXQFWLRQ� �WKDW�IRU
HDFK�QXPEHU� �JLYHV�WKH�SUREDELOLW\�WKDW�
WDNHV�WKDW�YDOXH�RU�D�VPDOOHU�RQH��

�

6LQFH��IRU�GLVFUHWH�GLVWULEXWLRQV��SUREDELOLWLHV�DUH
FDOFXODWHG�E\�VXPPLQJ�YDOXHV�RI� �

�������



�H\Hi;Y
�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

�^iHÃ^\Ã
��

3URSHUWLHV�RI�D�PDWKHPDWLFDOO\�YDOLG�FXPXODWLYH
GLVWULEXWLRQ�IXQFWLRQ�

�IRU�DOO�UHDO�QXPEHUV�

�LV�PRQRWRQLFDOO\�LQFUHDVLQJ

�LV�ULJKW�FRQWLQXRXV

�DQG�

7KLV�PHDQV�WKDW� �IRU�DQ\�&')

,Q�WKH�GLVFUHWH�FDVHV��WKH�JUDSK�RI� �ZLOO�EH�Q
VWDLU�VWHS�JUDSK�ZLWK�MXPSV�DW�SRVVLEOH�YDOXHV
RI�RXU�UDQGRP�YDULDEOH�DQG�KHLJKW�HTXDO�WR�WKH
SUREDELOLWLHV�DVVRFLDWHG�ZLWK�WKRVH�YDOXHV

�������









�H\Hi;Y
�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

�^iHÃ^\Ã
��

([DPSOH��>7RUTXH@�/HW� �WKH�WRUTXH��URXQGHG�WR�WKH
QHDUHVW�LQWHJHU��UHTXLUHG�WR�ORRVHQ�WKH�QH[W�EROW�RQ�DQ
DSSDUDWXV�

= �� �� �� �� �� �� �� �� �� ��

I�]� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����

�������



�H\Hi;Y
�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

�^iHÃ^\Ã
��

&DOFXODWH�WKH�IROORZLQJ�SUREDELOLWLHV�XVLQJ�WKH�FGI�RQO\�

�b

b

b

b

b

b

�������



�H\Hi;Y
�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

�^iHÃ^\Ã
��

2QH�PRUH�H[DPSOH

6D\�ZH�KDYH�D�UDQGRP�YDULDEOH� �ZLWK�SPI�

T b�b I�T� b�b

� b�b ���� b�b

� b�b ���� b�b

� b�b ���� b�b

� b�b ���� b�b

'UDZ�WKH�&')

�������



�H\Hi;Y
�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

.m[[;iPHj

$OPRVW�DOO�RI�WKH�GHYLFHV�IRU�GHVFULELQJ�UHODWLYH�IUHTXHQF\
�HPSLULFDO��GLVWULEXWLRQV�LQ�&K����KDYH�YHUVLRQV�WKDW�FDQ
GHVFULEH��WKHRUHWLFDO��SUREDELOLW\�GLVWULEXWLRQV�

���0HDVXUHV�RI�ORFDWLRQ�  �0HDQ

���0HDVXUHV�RI�VSUHDG�  �YDULDQFH

���+LVWRJUDP�  �SUREDELOLW\�KLVWRJUDPV�EDVHG�RQ
WKHRUHWLFDO�SUREDELOLWLHV

�������



�H;\�H;\

;\F;\F

5;iP;\DH5;iP;\DH

^MÃ�PjDiHlHÃ-;\F^[Ã5;iP;CYHj^MÃ�PjDiHlHÃ-;\F^[Ã5;iP;CYHj

��������������



�H\Hi;Y
�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

�H;\Ã^MÃ;Ã�PjDiHlHÃ-;\F^[Ã5;iP;CYH

)RU�D�GLVFUHWH�UDQGRP�YDUDEOH�� ��ZKLFK�FDQ�WDNH�YDOXHV�
�ZH�GHILQH�WKH�PHDQ�RI�;��DOVR�NQRZQ�DV�WKH

H[SHFWHG�YDOXH�RI�;��DV�

:H�RIWHQ�XVH�WKH�V\PERO� �LQVWHDG�RI� �

$OVR��MXVW�WR�EH�FRQIXVLQJ��\RX�ZLOO�RIWHQ�VHH� �LQVWHDG�RI�
��8VH�FRQWH[W�FOXHV�

([DPSOH�

6XSSRVH�WKDW�WKH�ZH�UROO�D�GLH�DQG�OHW� �EH�WKH�QXPEHU�RI
GRWV�IDFLQJ�XS��)LQG�WKH�H[SHFWHG�YDOXH�RI� �

�������









�H\Hi;Y
�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

5;iP;\DHÃ^MÃ;Ã�PjDiHlHÃ-;\F^[Ã5;iP;CYH

)RU�D�GLVFUHWH�UDQGRP�YDUDEOH�� ��ZKLFK�FDQ�WDNH�YDOXHV�
�DQG�KDV�PHDQ� �ZH�GHILQH�WKH�YDULDQFH�RI� �DV�

7KHUH�DUH�RWKHU�XVHIXOH�ZD\V�WR�ZULWH�WKLV��PRVW
LPSRUWDQWO\�

ZKLFK�LV�WKH�VDPH�DV

�������



�H\Hi;Y
�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

5;iP;\DHÃ^MÃ;Ã�PjDiHlHÃ-;\F^[Ã5;iP;CYH

([DPSOH�

6XSSRVH�WKDW�WKH�ZH�UROO�D�GLH�DQG�OHW� �EH�WKH�QXPEHU�RI
GRWV�IDFLQJ�XS��:KDW�LV�WKH�YDULDQFH�RI� "

�������





�H\Hi;Y
�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

5;iP;\DHÃ^MÃ;Ã�PjDiHlHÃ-;\F^[Ã5;iP;CYH

([DPSOH

6D\�ZH�KDYH�D�UDQGRP�YDULDEOH� �ZLWK�SPI�

T b�b I�T� b�b

� b�b ���� b�b

� b�b ���� b�b

� b�b ���� b�b

� b�b ���� b�b

)LQG�WKH�YDULDQFH�DQG�VWDQGDUG�GHYLDWLRQ

�������





�H\Hi;Y
�\M^

-H[P\FHi�
-5j

�PjDiHlH¤

/Hi[jÃÛ
 ^l;lP^\

.m[[;iu

'LVFUHWH�5DQGRP�9DULDEOHV

'LVFUHWH�59V�DUH�59V�WKDW�ZLOO�WDNH�RQH�RI�D�FRXQWDEOH
VHW�RI�YDOXHV�

:KHQ�ZRUNLQJ�ZLWK�D�GLVFUHWH�UDQGRP�YDULDEOH��LW�LV
FRPPRQ�WR�QHHG�RU�XVH�WKH�59
V

SUREDELOLW\�GLVWULEXWLRQ��WKH�YDOXHV�WKH�59�FDQ
WDNH�DQG�WKHLU�SUREDELOLWLHV

SUREDELOLW\�IXQFWLRQ��D�IXQFWLRQ�ZKHUH�

FXPXODWLYH�SUREDELOLW\�IXQFWLRQ��D�IXQFWLRQ�ZKHUH
�

PHDQ��D�YDOXH�IRU� �GHILQHG�E\�

YDULDQFH��D�YDOXH�IRU� �GHILQHG�E\�

�������



8̂ miÃ/mi\�8̂ miÃ/mi\�


O;flHiÃ�Ã�;\F^mlÃ�
O;flHiÃ�Ã�;\F^mlÃ�

��������������


