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Backglap_d

Whao©
Backglap_d a_ Ca_oi_papm Ra_da^
Valiable
Along Zith discrete random Yariables, Ze haYe continuous
random Yariables. While discrete random Yariables take
one specific Yalues from a diVcUeWe (aka countable) set of
possible real-number Yalues, continous random Yariables
take Yalues oYer interYals of real numbers.

def: ContinXoXs random Yariable 
A continuous random Yariable is a random
Yariable Zhich takes Yalues on a continuous
interYal of real numbers.

The reason Ze treat them differentl\ has mainl\ to do
Zith the differences in hoZ the math behaYes: noZ that
Ze are dealing Zith interYal ranges, Ze change
summations to integrals.

4 / 41



Backglap_d

Whao©

Ewamilem af ca_oi_papm la_dam ualiable¢

= LV WKe aPRXQW Rf WRUTXe UeTXLUed WR ORVVeQ WKe
Qe[W bROd (QRW URXQded)

T LV WKe WLPe \RX ZLOO ZaLW fRU WKe Qe[W bXV

C LV WKe RXWVLde WePSUaWXUe aW 11:49 SP
WRPRUURZ

L LV WKe OeQgWK Rf WKe Qe[W PaQXfacWXUed PeWaO
baU

V LV WKe  \LeOd Rf WKe Qe[W UXQ Rf SURceVV
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Tel^i_a\agx a_d UmageTel^i_a\agx a_d Umage
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Backglap_d

Tel^i_alagx

idf

Plababiliox De_miox Fp_coia_

Since Ze are noZ Waking YalXeV oYer an inWerYal, Ze can
noW "add Xp" probabiliWieV ZiWh oXr probabiliW\ fXncWion
an\more. InVWead, Ze need a neZ fXncWion Wo deVcribe
probabiliW\:

def: probabilit\ densit\ fXnction 
A probabiliW\ denViW\ fXncWion (pdf) defineV Whe
Za\ Whe probabiliW\ of a conWinXoXV random
Yariable iV diVWribXWed acroVV Whe inWerYal of
YalXeV iW can Wake. Since iW repreVenWV
probabiliW\, Whe probabiliW\ fXncWion mXVW
alZa\V be non-negaWiYe. RegionV of higher
denViW\ haYe higher probabiliW\.

7 / 41



Backglap_d

Tel^i_alagx

idf

Plababiliox De_miox Fp_coia_

ValidiW\ of a Sdf

AQ\ fXQcWLRQ WKaW VaWLVfLeV WKe fROORZLQJ caQ be a
SURbabLOLW\ deQVLW\ fXQcWLRQ:

1. 

2.  fRU aOO  LQ 

aQd VXcK WKaW fRU aOO ,
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Backglap_d

Tel^m a_d
Ume

idf

Plababi\iox De_miox Fp_coia_

WLWK cRQWLQXRXV UaQdRP YaULabOeV, Ze XVe SdfV WR JeW
SURbabLOLWLeV aV fROORZV:

FRU a cRQWLQXRXV UaQdRP YaULabOe  ZLWK
SURbabLOLW\ deQVLW\ fXQcWLRQ ,

`

fRU aQ\ UeaO YaOXeV  VXcK WKaW 
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Backglopnd

Telmm and
Ume

idf

Ewamile

Consider a de-magneti]ed compass needle mounted at its
center so that it can spin freel\. It is spun clockZise and
Zhen it comes to rest the angle, , from the vertical, is
measured. Let

What values can  take?

b

What form makes sense for ?
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Backglopnd

Telmm and
Ume

idf

Ewamile

If WKLV fRUP LV adRSWed, WKaW ZKaW PXVW WKe Sdf be?

b

b

b

b

UVLQg WKLV Sdf, caOcXOaWe WKe fROORZLQg SURbabLOLWLeV:
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Backglopnd

Telmm and
Ume

idf

Ewamile

b

b

b

b

b

b
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Backglap_d

Tel^m a_d
Ume

idf

cdf

Cp^plaoiue De_miox Fp_coia_ ´CDFµ

We alVo haYe Whe cXmXlaWiYe denViW\ fXncWion foU
conWinXoXV Uandom YaUiableV:

def: CXmXlaWiYe densiW\ fXncWion (cdf) FoU a
conWinoXV Uandom YaUiable, , ZiWh pdf f([) Whe
cXmXlaWiYe denViW\ fXncWion  iV defined aV
Whe pUobabiliW\ WhaW  WakeV a YalXe leVV Whan oU
eqXal Wo  Zhich iV Wo Va\

TRUE FACT: Whe FXndamenWal TheoUem of CalcXlXV applieV
heUe:
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Backglap_d

Tel^m a_d
Ume

idf

cdf

Cp^plaoiue De_miox Fp_coia_ ´CDFµ

PUoSeUWieV of CDF foU conWinXoXV Uandom YaUiableV

As with discrete random variables,  has the following
properties:

F is monotonicall\ increasing (i.e it is never
decreasing)

 and 

This means that  for an\ CDF

F is conWinXoXV. (instead of just right continuous in
discrete form)

14 / 41





Mean and ValianceMean and Valiance

ofof

Conoinpopm Random ValiablemConoinpopm Random Valiablem
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Backglap_d

Tel^m a_d
Ume

idf

cdf

E´Xµ£ V´Xµ

Ewiecoed Valpe a_d Valia_ce

E[SecWed ValXe

As Zith discrete random Yariables, continuous random
Yariables haYe e[pected Yalues and Yariances:

def: E[SecWed ValXe Rf CRnWinXRXV RandRm
VaUiable 
For a continous random Yariable, , Zith pdf
f([) the e[pected Yalue (also knoZn as the
mean) is defined as

We often use the s\mbol  for the mean of a random
Yariable, since Zriting  can get confusing Zhen lots
of other parenthesis are around. We also sometimes Zrite 

.
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Backglap_d

Tel^m a_d
Ume

idf

cdf

E´Xµ£ V´Xµ

Ewiecoed Valpe a_d Valia_ce

VaUiance

def: VaUiance of ConWinXoXV Random
VaUiable 
For a continous random variable, , with pdf
f(x) and expected value , the variance is
defined as

which is identical to sa\ing

We will sometimes use the s\mbol  to refer to the
variance and \ou ma\ see the notation  or  as
well.
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Backglap_d

Tel^m a_d
Ume

idf

cdf

E´Xµ£ V´Xµ

Ewiecoed Valpe a_d Valia_ce

SdaQdaUd DeYiaWiRQ (SD)

We can also use the variance to get the standard deviation
of the random variable:

def: SWaQdaUd DeYiaWiRQ Rf CRQWiQXRXV
RaQdRP VaUiable 
For a continous random variable, , with pdf
f(x) and expected value , the standard
deviation is defined as:
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Backglap_d

Telmm a_d
Ume

idf

Ewiecoed Valpe a_d Valia_ce¢ Ewamile

Librar\ bookV

LeW  deQRWe WKe aPRXQW Rf WLPe fRU ZKLcK a bRRN RQ -
KRXU KROd UeVeUYe aW a cROOege OLbUaU\ LV cKecNed RXW b\ a
UaQdRPO\ VeOecWed VWXdeQW aQd VXSSRVe LWV deQVLW\
fXQcWLRQ LV

CaOcXOaWe  aQd .
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An imioloano ioino abopo Ewiecoed ValpeAn imioloano ioino abopo Ewiecoed Valpe

and Valiance of Random Valiablemand Valiance of Random Valiablem
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Backglap_d

Telmm a_d
Ume

idf

Ewiecoed Valpe a_d Valia_ce¢

For a linear function, , where  and  are
constants,

e.g Let . What is the e[pected
value and variance of 4X- 3?
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Camma_ Dimolibpoia_mCamma_ Dimolibpoia_m
U_ifalm Dimolibpoia_U_ifalm Dimolibpoia_
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Backglap_d

Telmm a_d
Ume

Camma_
Dimom

U_ifalm

Camma_ ca_oi_papm Dimolibpoia_m

U_ifalm Dimolibpoia_

For cases Zhere Ze onl\ knoZ/belieYe/assXme that a YalXe
Zill be betZeen tZo nXmbers bXt knoZ/belieYe/assXme
nRWhing else.

OUigin: We knoZ a the random Yariable Zill take a YalXe
inside a certain range, bXt Ze don't haYe an\ belief that
one part of that range is more likel\ than another part of
that range.

DefiniWion: UnifoUm Uandom YaUiable 

The random Yariable  is a Xniform random
Yariable on the interYal  if it's densit\ is
constant on  and the probabilit\ it takes a
YalXe oXtside  is 0. We sa\ that  folloZs a
Xniform distribXtion or .
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Backglap_d

Telmm a_d
Ume

Camma_
Dimom

U_ifalm

U_ifalm Dimolibpoia_

DefiQiWiRQ: UQifRUP Sdf 
If  LV a XQLfRUP UaQdRP YaULabOe RQ 
WKeQ WKe SURbabLOLW\ deQVLW\ fXQcWLRQ Rf  LV
JLYeQ b\

`

WLWK WKLV, Ze caQ fLQd WKe fRU aQ\ YaOXe Rf  aQd , Lf 
 WKe PeaQ aQd YaULaQce aUe:
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Backglap_d

Telmm a_d
Ume

Camma_
Dimom

U_ifalm

U_ifalm Dimolibpoia_

DefLQLWLRQ: UQLfRUP cdf 
If  LV a XQLfRUP UaQdRP YaULabOe RQ 
WheQ Whe cXPXOaWLYe deQVLW\ fXQcWLRQ Rf  LV
gLYeQ b\

`
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Backglap_d

Telmm a_d
Ume

Camma_
Dimom

U_ifalm

U_ifalm Dimolibpoia_

A feZ useful notes:

The most commonl\ used uniform random Yariable is 
.

Again, this is useful if Ze Zant to use a random
Yariable that takes Yalues Zithin an interYal, but Ze
don't think it is likel\ to be in an\ certain region.

The Yalues  and  used to determine the range in
Zhich  is not 0 are parameters of the distribution.
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Common Continpops DistribptionsCommon Continpops Distribptions
Ewponential DistribptionEwponential Distribption
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Backglap_d

Tel^m a_d
Ume

Ca^^a_
Dimom

U_ifal^

Ewia_e_oia\

Ewia_e_oia\ Dimolibpoia_

DefiniWion: E[ponenWial random Yariable

An  random Yariable measXres Whe ZaiWing Wime
XnWil a specific eYenW WhaW has an eqXal chance of
happening aW an\ poinW in Wime. (iW can be cosidered Whe
conWinoXs Yersion of geomeWric disWribXWion)

E[amples:

Time beWZeen \oXr arriYal aW Whe bXs
sWaWion and Whe momenW WhaW bXs arriYes

b

Time XnWil Whe ne[W person Zalks inside Whe
park's librar\

b

The Wime (in hoXrs) XnWil a lighW bXlb bXrns
oXW.
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Backglap_d

Tel^m a_d
Ume

Ca^^a_
Dimom

U_ifal^

Ewia_e_oia\

Ewia_e_oia\ Dimolibpoia_

DefLQLWLRQ: E[SRQeQWLaO Sdf 
If  LV aQ e[SRQeQWLaO UaQdRP YaULabOe ZLWh
UaWe  WheQ Whe SURbabLOLW\ deQVLW\ fXQcWLRQ Rf 

 LV gLYeQ b\

`
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Backglap_d

Tel^m a_d
Ume

Ca^^a_
Dimom

U_ifal^

Ewia_e_oia\

Ewia_e_oia\ Dimolibpoia_

Definition: Exponential CDF 
If  LV a e[SRQeQWLaO UaQdRP YaULabOe ZLWh UaWe

 WheQ Whe cXPXOaWLYe deQVLW\ fXQcWLRQ Rf 
LV gLYeQ b\

`
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Mean and Valiance ofMean and Valiance of

Ewponenoial DimolibpoionEwponenoial Dimolibpoion
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Backglap_d

Tel^m a_d
Ume

Ca^^a_
Dimom

U_ifal^

Ewia_e_oia\

Ewia_e_oia\ Dimolibpoia_

DefLQLWLRQ: E[SRQeQWLaO Sdf 
If  is an exponential random variable with
rate  then the probabilit\ densit\ function of 

 is given b\

` From this, we can derive:
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Backglap_d

Tel^m a_d
Ume

Ca^^a_
Dimom

U_ifal^

Ewia_e_oia\

Ewia_e_oia\ Dimolibpoia_

E[aPSle: LibUaU\ aUUiYalV, cRQW'd

Recall Whe e[aPSle Whe aUUiYal UaWe Rf VWXdeQWV aW PaUkV
libUaU\ beWZeeQ 12:00 aQd 12:10SP eaUl\ iQ Whe Zeek WR be
abRXW  VWXdeQWV SeU PiQXWe. ThaW WUaQVlaWeV WR a 

 PiQXWe aYeUage ZaiWiQg WiPe beWZeeQ
VWXdeQW aUUiYalV.

CRQVideU RbVeUYiQg Whe eQWUaQce WR PaUkV libUaU\ aW e[acWl\
QRRQ Qe[W TXeVda\ aQd defiQe Whe UaQdRP YaUiable

UViQg , ZhaW iV Whe SURbabiliW\ Rf ZaiWiQg
PRUe WhaQ  VecRQdV (1/6 PiQ) fRU Whe fiUVW aUUiYal?
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Backglap_d

Tel^m a_d
Ume

Ca^^a_
Dimom

U_ifal^

Ewia_e_oia\

Ewia_e_oia\ Dimolibpoia_

E[aPSle: LLbUaU\ aUULYaOV, cRQW'd

WKaW LV WKe SURbabLOLW\ RI ZaLWLQJ OeVV WKaQ  VecRQdV?
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