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Chapoel �¨�¢ Lalge¸mample con�denceChapoel �¨�¢ Lalge¸mample con�dence
inoelualm fol a meaninoelualm fol a mean
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Lalge Sample
Infelence Lalge Sample Con�dence Inoelual

Formal VWaWiVWical inference XVeV probabiliW\ Wheor\ Wo
qXanWif\ Whe reliabiliW\ of daWa-baVed conclXVionV. We ZanW
informaWion on a popXlaWion.e.g

WrXe mean fill ZeighW of food jamV
WrXe mean VWrengWh of meWal barV
WrXe mean of Whe nXmber of accidenWV on a
highZa\ in IoZa

We can When XVe:

1. PoinW eVWimaWeV:

e.g sample mean  of Whe VWrengWh of meWal barV iV 
.

We ZoXld When Va\ WhaW  iV an eVWimaWe
for WrXe (popXlaWion ) mean .
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Lalge Sample
Infelence Lalge Sample Con�dence Inoelual

1. Interval estimates:
 is likel\ to be inside an interval. (e.g 

Then we can sa\ Ze are confidenW WhaW Whe WrXe mean of
Whe sWrengWh of meWal bars  is someZhere in Whe 

 

But the question is hRZ cRnfidenW?
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Lalge Sample
Infelence Lalge Sample Con�dence Inoelual

Man\ important engineering applications of statistics fit
the folloZing mold. ValXes for parameters of a data-
generating process are XnknoZn. Based on data, the goal
is

1.identif\ an inteYal of YalXes likel\ to contain
an XnknoZn paUameWeU

2.qXalif\ "hoZ likel\" the interYal is to coYer
the correct YalXe of the XnknoZn parameter.
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Con�dence InterualCon�dence Interual
De�nition and the pseDe�nition and the pse
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Lalge Sample
Infelence

Con�dence
Inoelual

Con�dence Inoelual

DefiQiWiRQ: confidence interval for a SaUameWeU (or
function of one or more parameters) is a daWa-baVed
iQWeUYal of numbers thought likel\ to contain the
parameter (or function of one or more parameters)
possessing a stated probabilit\-based confidence or
reliabilit\.

A confidence interval is a reali]ation of a
UaQdRP iQWeUYaO, an interval on the real line
with a random variable at one or both of the
endpoints.
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Lalge Sample
Infelence

Con�dence
Inoelual

Example:[Instrumental drift]

Let  be a measure of instrumental drift of a random
voltmeter that comes out of a certain factor\. Sa\ 

. Define a random interval:

What is the probabilit\ that  is inside the interval?
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Lalge Sample
Infelence

Con�dence
Inoelual

Example:[MRUe SUacWice]

CalcXlaWe:

, 

b
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Lalge Sample
Infelence

Con�dence
Inoelual

E[ample:[AbVWracW random inWerYalV]

LeW'V Va\  are iid ZiWh , mean ,
Yariance . We can find a random inWerYal WhaW proYideV
a loZer boXnd for  ZiWh  probabiliW\:

We ZanW A VXch WhaW . 
We knoZ b\ CLT:

Therefore,
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Lalge Sample
Infelence

Con�dence
Inoelual

Example:[AbVWUacW UaQdRP LQWeUYaOV]

TKeQ

NRZ Lf Ze VeW

WKeQ Ze KaYe
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Lalge Sample
Infelence

Con�dence
Inoelual

E[aPSle:[Abstract random intervals]
Calculate:

( The last result is by CLT assuming that  )
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Lalge Sample
Infelence

Con�dence
Inoelual

Example:[AbVWUacW UaQdRP LQWeUYaOV]

SR,  IaOOV ZLWKLQ WKe LQWeUYaO 

 ZLWK WKe SURbabLOLW\ RI 

 IRU 
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A large¸n con�dence intervalA large¸n con�dence interval

for for  involving  involving 
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Lalge Samile
Infelence

Can�dence
Inoelual

CI fal 

A Lalge¸n can�dence inoelual fal  inualuing 

A (1-  confidence interval for an unknown
parameter is the realization of a random interval that
contains that parameter with probability .

 is called the confidence level

For random variables  iid with 
, , a  confidence

interval for  is

which is a reali]ation from the random interval
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Lalge Samile
Infelence

Con�dence
Inoelual

CI fol 

In Genelal

TZo-Vided  cRnfidence inWeUYal fRU 

One-Vided  cRnfidence inWeUYal fRU 
ZiWh a XSSeU cRnfidence bRXnd

One-Vided  cRnfidence inWeUYal fRU 
ZiWh a lRZeU cRnfidence bRXnd
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Lalge Sample
Infelence

Con�dence
Inoelual

CI fol 

Example:[Fill ZeighW of jaUV]

SXppoVe a manXfacWXUeU fillV jaUV of food XVing a VWable
filling pUoceVV ZiWh a knoZn VWandaUd deYiaWion of 

g. We Wake a Vample of  jaUV and meaVXUe
Whe Vample mean ZeighW g. A WZo-Vided 
confidence inWeUYal, , foU Whe WUXe mean ZeighW 
iV:

oU Ze can ZUiWe iW aV g
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Lalge Sample
Infelence

Con�dence
Inoelual

CI fol 

E[ample:[Fill ZeighW of jars]

InWerpreWaWion:

We are  confident WhaW Whe trXe mean is
beWZeen g and g

or Ze can sa\

If Ze Wook 100 more samples of 47 jams each,
roXghl\ 90 of WhoVe VampleV ZoXld haYe a
confidence inWeUYal conWaining Whe WUXe mean fill
ZeighW
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Lalge Sample
Infelence

Con�dence
Inoelual

CI fol 

Example:[Fill ZeighW Rf jaUV]

WhaW if Ze jXVW ZanW WR be VXUe WhaW Whe WUXe mean fill
ZeighW iV high enRXgh?

We cRXld XVe a Rne-Vided  CI ZiWh a lRZeU bRXnd:

Then Ze ZRXld Va\:

We aUe  cRnfidenW WhaW Whe WUXe mean fill
ZeighW iV abRYe 137.91
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Lalge Sample
Infelence

Con�dence
Inoelual

CI fol 

Example:[HaUd dLVN faLOXUeV]

F. WLOOeWW, LQ WKe aUWLcOe "TKe CaVe Rf WKe DeUaLOed DLVN
DULYeV?" (Mechanical Engineering, 1988), dLVcXVVeV a
VWXd\ dRQe WR LVROaWe WKe caXVe Rf OLQN cRde A faLOXUe LQ a
PRdeO Rf WLQcKeVWeU KaUd dLVN dULYe.

FRU eacK dLVN, WKe LQYeVWLJaWRU PeaVXUed WKe bUeaNaZa\
WRUTXe (LQ. R].) UeTXLUed WR ORRVeQ WKe dULYe'V LQWeUUXSWeU
fOaJ RQ WKe VWeSSeU PRWRU VKafW.

BUeaNaZa\ WRUTXeV fRU  dLVN dULYeV ZeUe UecRUded, ZLWK
a VaPSOe PeaQ Rf  LQ. R]. SXSSRVe \RX NQRZ WKe WUXe
VWaQdaUd deYLaWLRQ Rf WKe bUeaNaZa\ WRUTXeV LV  LQ. R].
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Lalge Sample
Infelence

Con�dence
Inoelual

CI fol 

E[amSle:[Hard diVk failXreV]

CalcXlaWe and inWerpreW:

A WZo-Vided  confidence inWerYal for Whe WrXe
mean breakaZa\ WorqXe of Whe releYanW W\pe of
WincheVWer driYe.

IQWeUSUeWaWiRQ: Ze are  confidenW WhaW Whe WrXe
mean breaking WorqXe lieV beWZeen  and 
in.o].
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Lalge Sample
Infelence

Con�dence
Inoelual

CI fol 

Example:[WidWh of a CI]

If \oX ZanW Wo eVWimaWe Whe breakaZa\ WorqXe ZiWh a 2-
Vided,  confidence inWerYal ZiWh  in. o]. of
preciVion, ZhaW Vample Vi]e ZoXld \oX need?

InWerYal preciVion = inWerYal half ZidWh

Therefore, for a WZo-Vided  CI Ze haYe

Zhich meanV WhaW Whe preciVion iV 

We ZanW 
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Lalge Sample
Infelence

Con�dence
Inoelual

CI fol 

Example:[Width of a CI]

So,

We Zould need a sample of at least 25 disks to haYe at
least a precision of 2 in.o]
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A large¸n con�dence inoerualA large¸n con�dence inoerual

for for  vhen  vhen  im Unknovn im Unknovn
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Lalge Samile
Infelence

Con�dence
Inoelual

CI fol 

CI fol 
pnknovn 

A geneUall\ applicable laUge-n confidence inWeUYal foU 

AlthoXgh the eqXations for a  confidence
interYal is mathematicall\ correct, it is seYerel\ limited in
its XsefXlness becaXse it reqXres Xs to knoZ  (the
popXlation Yariance). It is XnXsXal to haYe to estimate 
and knoZ  in real life.

If  and  is unknoZn, , Zhere

is still appUo[imaWel\ VWandaUd noUmall\ diVWUibXWed.

So, \oX can replace  in the confidence interYal formXla
Zith the sample standard deYiation, .
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Lalge Samile
Infelence

Con�dence
Inoelual

CI fol 

CI fol 
pnknovn 

A generall\ applicable large-n confidence inWerYal for 

TZR-Vided  cRnfidence inWeUYal fRU 

One-Vided  cRnfidence inWeUYal fRU 
ZiWh a XSSeU cRnfidence bRXnd

One-Vided  cRnfidence inWeUYal fRU 
ZiWh a lRZeU cRnfidence bRXnd
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Lalge Samile
Infelence

Con�dence
Inoelual

CI fol 

CI fol 
pnknovn 

Example:

SXppose \oX are a manXfactXrer of constrXction
eqXipment. YoX make  inch Zire rope and need to
determine hoZ mXch Zeight it can hold before breaking
so that \oX can label it clearl\. Here are breaking
strengths, in kg, for  sample Zires:

 ¤1¥ 100�3�  �6�31  �2�5�  ���02 105���
 ¤6¥ 10���0  �5��4  �2��3  6��4�  �4���
¤11¥ 122�04 115�12  �5�24 11���5 114��3
¤16¥ 101���  �0��0  �6�10 11��51 10��66
¤21¥  ���0�  56�2�  �6�50  5��62  �4��0
¤26¥  �2�53  �6�25  �2�56  ����6  �4��2
¤31¥  62�00  �3�00  ���44 11��3� 103��0
¤36¥  �2�40  �1�2� 10��24  64��2  �3�51
¤41¥  �6���

The sample mean breaking strength is  kg
and the sample standard deYiation is  kg.
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Lalge Samile
Infelence

Con�dence
Inoelual

CI fol 

CI fol 
pnknovn 

Example: Using Whe appropriaWe % confidence inWerYal,
Wr\ Wo deWermine ZheWher Whe breaking sWrengWhs meeW Whe
reqXiremenW of aW leasW  kg.

The CI is When

WiWh  confidence, Ze haYe shoZn WhaW Whe
WrXe mean breaking sWrengWh is aboYe 
kg.
Hence, Ze meeW Whe kg reqXiremenW ZiWh 

 confidence
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Small¸mample Con�dence InoerualSmall¸mample Con�dence Inoerual

for a Meanfor a Mean
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Lalge Samile
Infelence

Can�dence
Inoelual

CI fal 

CI fal 
pnknavn 

Small¸mamile can�dence inoelualm fal a mean

The mosW imporWanW pracWical limiWaWion on Whe Xse of
Whe meWhods of Whe preYioXs secWions is Whe
reqXiremenW WhaW  mXVW be large 

ThaW resWricWion comes from Whe facW WhaW ZiWhoXW iW,

Where is no Za\ (in general) Wo calcXlaWe  WhaW is

appro[imaWel\ . (i.e Ze cannoW Xse CLT Zhen
sample si]e is small)

So, if one mechanicall\ Xses Whe large-  inWerYal
formXla  ZiWh a small sample, Where is no

Za\ of assessing ZhaW acWXal leYel of confidence
shoXld be declared.
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Lalge Samile
Infelence

Can�dence
Inoelual

CI fal 

CI fal 
pnknavn 

Small¸mamile can�dence inoelualm fal a mean

If iW iV VenVible Wo model Whe obVerYaWionV aV iid
normal random YariableV, When Ze can arriYe aW
inference meWhodV for Vmall-$n$ Vample meanV.

In WhiV caVe (Vmall Vample Vi]e),  iV noW VWandard

Normal an\more, BUT iW iV a differenW normed
diVWribXWion!
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The Sopde_o o DSmolSbpoSa_The Sopde_o o DSmolSbpoSa_
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Lalge Sa^ile
I_fele_ce

Ca_�de_ce
I_oelual

CI fal 

CI fal 
p_k_av_ 

o Dimolibpoia_

o Sopde_o dimolibpoia_

DefiQiWiRQ: The (Student)  distribution with degrees of
freedom parameter  is a continuous probabilit\
distribution with probabilit\ densit\

The  distribution

is bell-shaped and s\mmetric about 
has fatter tails than the normal, but
approaches the shape of the normal as 

.
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Lalge Sa^ile
I_fele_ce

Ca_�de_ce
I_oelual

CI fal 

CI fal 
p_k_av_ 

o Dimolibpoia_

o Sopde_o dimolibpoia_

WH XVH WKH  WabOH (TabOH B.4 LQ VaUGHPaQ aQG JRbH) WR
caOcXOaWH TXaQWLOHV.
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Lalge Sa^ile
I_fele_ce

Ca_�de_ce
I_oelual

CI fal 

CI fal 
p_k_av_ 

o Dimolibpoia_

o Sopde_o dimolibpoia_

E[aPSle: Sa\ . FLQG  VXcK WKaW .

SR,  KROGV WUXH LI  (b\ WKH WabOH).
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Small¸mamile Con�dence InoelualSmall¸mamile Con�dence Inoelual

fol fol  vhen  vhen  im pnknovn im pnknovn
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Lalge Sa^ile
I_fele_ce

Ca_�de_ce
I_oelual

CI fal 

CI fal 
p_k_av_ 

o Dimolibpoia_

S^all 
p_k_av_ 

S^all¸ma^ile ca_�de_ce i_oelualm£  p_k_av_

If Ze can assXme WhaW  are iid ZiWh mean 
and Yariance , and are also normall\ disWribXWed, if 

, Ze cannoW Xse CLT.

IW is noW eas\ Wo proYe bXW,

We can When Xse  insWead of  in Whe

confidence inWerYals.

NoWe WhaW Whe df (degree of freedom) for Whe W disWribXWion
is .
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Lalge Sa^ile
I_fele_ce

Ca_�de_ce
I_oelual

CI fal 

CI fal 
p_k_av_ 

o Dimolibpoia_

S^all 
p_k_av_ 

S^all¸ma^ile ca_�de_ce i_oelualm£  p_k_av_

TZR-Vided  confidence inWeUYal foU 

One-Vided  confidence inWeUYal foU 
ZiWh a XSSeU confidence boXnd

One-Vided  confidence inWeUYal foU 
ZiWh a loZeU confidence boXnd
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Lalge Sa^ile
I_fele_ce

Ca_�de_ce
I_oelual

CI fal 

CI fal 
p_k_av_ 

o Dimolibpoia_

S^all 
p_k_av_ 

E[aPSle: [CRQcUeWe beaPV]

10 cRQcUeWe beaPV ZeUe eacK PeaVXUed fRU fOe[XUaO
VWUeQJWK (MPa). AVVXPLQJ WKe fOe[XUaO VWUeQJWKV aUe LLd
QRUPaO, caOcXOaWe aQd LQWeUSUeW a WZR-VLded \% CI fRU WKe
fOe[XUaO VWUeQJWK Rf WKe beaPV.

[1] 8.2 8.7 7.8 9.7 7.4 7.8 7.7 11.6 11.3 11.8
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Lalge Sa^ile
I_fele_ce

Ca_�de_ce
I_oelual

CI fal 

CI fal 
p_k_av_ 

o Dimolibpoia_

S^all 
p_k_av_ 

E[aPSle: [CRncUeWe beamV]

IV Whe WUXe mean fle[XUal VWUengWh belRZ Whe minimXm
UeTXiUemenW Rf 11 MPa? Find RXW ZiWh Whe aSSURSUiaWe
95\% CI.
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Lalge Sa^ile
I_fele_ce

Ca_�de_ce
I_oelual

CI fal 

CI fal 
p_k_av_ 

o Dimolibpoia_

S^all 
p_k_av_ 

E[aPSle: [Paint thickness]

Consider the folloZing sample of obserYations on coating
thickness for loZ-Yiscosit\ paint.

 ¤1¥ 0��3 0��� 0��� 1�04 1�0� 1�12 1�2�
 ¤�¥ 1�31 1�4� 1�4� 1�5� 1�62 1�65 1��1
¤15¥ 1��6 1��3

A normal QQ plot shoZs that the\ are close enoXgh to
normall\ distribXted.
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Lalge Sa^ile
I_fele_ce

Ca_�de_ce
I_oelual

CI fal 

CI fal 
p_k_av_ 

o Dimolibpoia_

S^all 
p_k_av_ 

E[aPSle: [Paint thickness]

Calculate and interpret a two-sided % confidence
interval for the true mean thickness.
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Leo¬m Wrap UpLeo¬m Wrap Up
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Lalge Sa^i\e
I_fele_ce

Ca_�de_ce
I_oelua\

CI fal 

CI fal 
p_[_av_ 

o DSmolSbpoSa_

S^a\\ 
p_[_av_ 

Wlai Ui

Ca^^a_ Ammp^ioSa_m a_d Ca^^a_ Soaoe^e_om

Suppose that  are random Yariables
Zhose Yalues Zill be determined based on the results of
random eYents.

LaUge Sample Si]e, KnoZn VaUiance
Assuming:

,
,

 is knoZn

Then b\ CLT,

`

 Confidence interYal for :
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Lalge Sa^i\e
I_fele_ce

Ca_�de_ce
I_oelua\

CI fal 

CI fal 
p_[_av_ 

o DSmolSbpoSa_

S^a\\ 
p_[_av_ 

Wlai Ui

Ca^^a_ Ammp^ioSa_m a_d Ca^^a_ Soaoe^e_om

LaUge SamSle Si]e, UnknoZn VaUiance
AssXming:

,
,

 is XnknoZn, bXt sample Yariance 

 can be calcXlated

Then b\ CLT and conYergence of sample
Yariance

`

%-Confidence interYal for :
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Lalge Sa^i\e
I_fele_ce

Ca_�de_ce
I_oelua\

CI fal 

CI fal 
p_[_av_ 

o DSmolSbpoSa_

S^a\\ 
p_[_av_ 

Wlai Ui

Ca^^a_ Ammp^ioSa_m a_d Ca^^a_ Soaoe^e_om

Small Sample Si]e, UnknoZn Variance
AssXming:

,
,

 is XnknoZn, bXt sample Yariance 

 can be

calcXlated

Then b\ CLT and conYergence of sample
Yariance

`

%-Confidence interYal for :
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Lalge Sa^i\e
I_fele_ce

Ca_�de_ce
I_oelua\

CI fal 

CI fal 
p_[_av_ 

o DSmolSbpoSa_

S^a\\ 
p_[_av_ 

Wlai Ui

Ca^^a_ Ammp^ioSa_m a_d Ca^^a_ Soaoe^e_om

WiWh Whe laVW VeW of aVVXmSWionV, Ze can conclXde WhaW 

 folloZV a "W-diVWUibXWion ZiWh  degUeeV of

fUeedom"

The W-diVWUibXWion lookV a loW like a VWandaUd noUmal
diVWUibXWion and Ze XVe iW Whe Vame Za\:

IW iV V\mmeWUic
IW iV cenWeUed aW 0
ImSoUWanW TXanWileV aUe collecWed WogeWheU in WableV
foU UefeUence

IW onl\ haV one SaUameWeU, Whe degUeeV of fUeedom. In WhiV
claVV, Whe degUeeV of fUeedom aUe UelaWed Wo Whe nXmbeU of
SaUameWeUV being WeVWed

degUeeV of fUeedom = (# of obVeUYaWionV) - (# of
SaUameWeUV)
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