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Mx Game

The Rules
Let¬s Plax A Game
The VePeVWeU LV geWWLQg a OLWWOe LQWeQVe! YRX aUe a OLYLQLeW'V
bUeaN Whe WeQVLRQ ZLWh a fULeQdO\ gaPe.

HeUe aUe Whe UXOeV:

I haYe a QeZ decN Rf caUdV. 52 CaUdV, 26 ZLWh SXLWV WhaW
aUe Red, 26 ZLWh SXLWV WhaW aUe BOacN
YRX dUaZ a Ued-VXLWed caUd, \RX gLYe Pe a dROOaU
YRX dUaZ a bOacN-VXLWed caUd, I gLYe \RX WZR dROOaUV

QXick QXeVWionV

WhaW LV Whe e[SecWed QXPbeU Rf dROOaUV \RX ZLOO ZLQ
SOa\LQg WhLV gaPe?

WRXOd \RX SOa\ WhLV gaPe?
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Mx Ga^e

The Rplem

The
Ammp^ioia_m

Be Calefpl Abapo Yapl Ammp^ioia_m

PaXVe fRU a PiQXWe aQd WhiQk abRXW ZhaW \RX aUe
aVVXPiQg iV WUXe ZheQ \RX SOa\ WhiV gaPe. FRU iQVWaQce,

YRX aVVXPe I'P gRiQg WR VhXffOe Whe caUdV faiUO\
YRX aVVXPe WheUe aUe 52 caUdV iQ Whe deck
YRX aVVXPe Whe deck haV 26 Ued-VXiWed caUdV iQ iW
YRX aVVXPe Whe deck haV a Ued-VXiWed caUd iQ iW

HRZ caQ Ze Pake VXUe Whe aVVXPSWiRQV aUe Vafe??

ShXffOiQg aVVXPSWiRQ: ZaWch Pe VhXffOe, Pake VXUe
I'P QRW dRiQg Pagic WUickV, eWc
52 CaUdV aVVXPSWiRQ: cRXQW Whe caUdV
Red-VXiW aVVXPSWiRQ: CRXQW Whe QXPbeU Rf Ued caUdV

WheZ! We caQ acWXaOO\ Pake VXUe aOO Rf RXU aVVXPSWiRQV
aUe gRRd!
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Mx Game

The Rplem

The

Ammpmpoionm

Opl Ammpmpoionm

I'm noW going Wo VhoZ \oX all Whe caUdV. In oWheU ZoUdV, I
UefXVe Wo VhoZ \oX Whe popXlaWion of possible oXWcomes.
ThiV iV jXVWified: Ze aUe in a VWaWiVWicV coXUVe afWeU all.

So, leW'V VWaUW ZiWh oXU XnYeUifiable aVVXmSWion: IV iW Vafe Wo
aVVXme WhaW WhiV iV a faiU game. Wh\ ZoXld Ze make WhiV
aVVXmSWion?

YoX WUXVW WhaW I'm (baVicall\) an honeVW SeUVon
(assXmpWion of decenc\)
YoX WUXVW WhaW I'm geWWing Said enoXgh WhaW I ZoXldn'W
UiVk cheaWing VWXdenWV oXW of mone\ (assXmpWion of
pracWicaliW\)
YoX VaZ Whe deck ZaV neZ (manXfacWXrer WrXsW
assXmpWion)
YoX ZanW iW Wo be an faiU game becaXVe \oX ZoXld Zin
loWV of mone\ if iW ZaV (assXmpWion in self-inWeresW)
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Mx Game

The Rplem

The

Ammpmpoionm

Opl Ammpmpoionm

In VWaWiVWical Werminolog\, Ze Zrap all WheVe aVVXmpWionV
Xp inWo one aVVXmpWion: oXr "nXll h\SRWheViV" iV WhaW Whe
game iV noW rigged - WhaW Whe probabiliW\ of \oX Zinning iV
0.5

NXll H\SRWheViV 
The aVVXmpWionV Ze are operaWe Xnder in
normal circXmVWanceV (i.e., ZhaW Ze belieYe iV
WrXe). We Zrap WheVe aVVXmpWionV Xp inWo a
VWaWiVWical/maWhemaWical VWaWemenW, bXW Ze Zill
accepW Whem XnleVV Ze haYe reaVon Wo doXbW
Whem. We XVe Whe noWaWion  Wo refer Wo Whe
nXll h\poWheViV.

In WhiV caVe, Ze coXld Va\ WhaW Whe probabiliW\ of Zinning iV
 and WhaW ZoXld make oXr nXll h\poWheViV
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Mx Game

The Rplem

The

Ammpmpoionm

Opl Ammpmpoionm

Of coXrse oXr assXmpWions coXld be Zrong. We call Whe

oWher assXmpWions oXr "alWernaWiYe h\poWhesis":

Alternative Hypothesis 

The condiWions WhaW Ze do reqXire proof Wo

accepW. We ZoXld haYe Wo change oXr beliefs

based on eYidence. We Xse Whe noWaWion  (or

someWimes, ) Wo refer Wo Whe alWernaWiYe

h\poWhesis.

In Whis case, Ze coXld sa\ WhaW oXr alWernaWiYe Wo belieYing

Whe game is "fair" is Wo belieYe Whe game is noW fair, or WhaW

Whe probabiliW\ of Zinning is noW . We ZriWe:
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Mx Game

The Rplem

The
Ammpmpoionm

The Temo

Temoing ohe Game

The test of whether or not the game is worth pla\ing can
be defined in term of whether or not our assumptions are
true. In other words, we are going to test whether our null
h\pothesis is correct:

H\poWheViV TeVWV 
A h\poWheViV WeVW is a wa\ of checking if the
outcomes of a random e[periment are
statisticall\ XnXsXal based on our assumptions.
If we see reall\ unusual results, then we have
VWaWiVWicall\ VignificanW evidence that allows
us to rejecW oXr nXll h\poWheViV. If our
assumptions lead to results that are not
unusual, then we fail Wo rejecW oXr nXll
h\poWheViV.
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Mx Game

The Rplem

The
Ammpmpoionm

The Temo

Temoing ohe Game

So hoZ can Ze WeVW Whe game? WhaW if Ze Wried a Vingle
roXnd of Whe game?

WhaW are Whe probabiliWieV of Whe oXWcome of a Vingle
game?
If Ze draZ a Vingle card do Ze haYe enoXgh eYidence
WhaW Whe game iV fair?
Do Ze haYe enoXgh eYidence WhaW Whe game iV rigged?

BaVed on a Vingle roXnd of Whe game, boWh of Whe poVVibel
oXWcomeV are preWW\ normal - WhaW'V noW good enoXgh.

If Ze draZ a loVing card, When Ze mighW be inclined Wo call
Whe game Xnfair - eYen WhoXgh a loVing card iV preWW\
common for a Vingle roXnd of Whe game

If Ze draZ a Zinning card, When Ze mighW be inclined Wo
call Whe game fair - eYen WhoXgh a Zinning card ma\ be
common eYen Zhen Whe game iV noW fair!

We caQ PaNe ORWV Rf PiVWaNeV!!
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Mx Game

The Rplem

The
Ammpmioia_m

The Temo

The Ellalm

The Mimoakem We Migho Make

We coXld of coXUVe be ZUong: FoU inVWance, Ze coXld, jXVW
b\ Uandom chance, Vee oXWcomeV WhaW aUe XnXVXal foU Whe
aVVXmpWionV Ze make and UejecW Whe aVVXmpWionV eYen if
(in UealiW\ Whe\ aUe WUXe). ThiV iV called a "T\pe I EUUoU"

T\pe I Error 
When Whe UeVXlWV of a h\poWheViV WeVW lead XV Wo
UejecW Whe aVVXmpWionV, Zhile Whe aVVXmpWionV
aUe acWXall\ WUXe, Ze haYe commiWWed a T\pe I
EUUoU.
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Mx Game

The Rplem

The
Ammpmioia_m

The Temo

The Ellalm

The Mimoakem We Migho Make

A common e[ample of WhiV iV foXnd in criminal coXrW:

We aVVXme WhaW a indiYidXal accXVed of a crime iV
innocenW (oXr aVVXmpWion)
AfWer e[aminig Whe eYidence, Ze conclXde WhaW iW iV
Where iV no reaVonable doXbW Whe perVon iV noW
innocenW (in oWher ZordV, Ze rejecW Whe aVVXmpWion
becaXVe iW iV Yer\ Xnlikel\ Wo be WrXe baVed on oXr
eYidence).
If Whe perVon WrXl\ iV innocenW, When Ze haYe
commiWWed a T\pe I error (rejecWing aVVXmpWionV WhaW
Zere WrXe).
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Mx Game

The Rplem

The
Ammpmioia_m

The Temo

The Ellalm

The Mimoakem We Migho Make

We could also make a different error: Ze could choose not
to reject the assumptions Zhen in realit\ the assumptions
are Zrong.

T\pe II Error 
When the results of a h\pothesis test lead us to
fail to reject the assumptions, Zhile the
assumptions are actuall\ false, Ze haYe
committed a T\pe II Error.
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Mx Game

The Rplem

The
Ammpmioia_m

The Temo

The Ellalm

The Mimoakem We Migho Make

Again, if Ze conVideU Whe e[amSle of cUiminal coXUW:

We aVVXme WhaW a indiYidXal accXVed of a cUime iV
innocenW (oXU aVVXmSWion)
AfWeU e[aminig Whe eYidence, Ze conclXde WhaW iW iV
WheUe iV noW eYidence be\ond a UeaVonable doXbW Whe
SeUVon iV noW innocenW (in oWheU ZoUdV, Whe eYidence iV
noW enoXgh Wo UejecW oXU aVVXmSWion becaXVe iW iV VWill
UeaVonable Wo doXbW Whe accXVed'V gXilW).
If Whe SeUVon WUXl\ iV noW innocenW, When Ze haYe
commiWWed a T\Se II eUUoU (failing Wo UejecW
aVVXmSWionV WhaW ZeUe falVe).

In geneUal, Ze ZanW Wo make VXUe WhaW a T\Se I eUUoU iV
Xnlikel\. To Wake Whe e[amSle of coXUW again,

We commiW a T\Se II eUUoU: a gXilW\ SeUVon goeV fUee
We commiW a T\Se I eUUoU: an innocenW SeUVon goeV Wo
jail; Whe gXiilW\ SeUVon iV VWill fUee
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Mx Game

The Rplem

The
Ammpmioia_m

The Temo

The Ellalm

The Mimoakem We Migho Make

LeW'V gR back WR P\ gaPe: We aVVXPe I aP aQ hRQeVW
SeUVRQ (i.e., Ze aVVXPe WhaW Whe SURbabiOiW\ Rf ZiQQiQg a
ViQgOe gaPe iV )
T\Se I EUURU: RejecWiQg TUXe AVVXmSWiRQV

We gaWheU eYideQce
LRRkiQg aW RXU eYideQce, Ze decide WhaW Whe gaPe ZaV
QRW faiU eYeQ WhRXgh iW ZaV.
FaOORXW: \RX VOaQdeU Pe, \RX diVSaUge Pe, Ze haYe a
fighW, BOOOM.

T\Se II EUURU: FailiQg WR RejecW FalVe AVVXmSWiRQV

We gaWheU eYideQce
LRRkiQg aW RXU eYideQce, Ze decide WhaW Whe gaPe ZaV
faiU eYeQ WhRXgh iW ZaV QRW.
FaOORXW: \RX SOa\ Whe gaPe aQd ORVe VRPe PRQe\.

IdeaOO\, Ze ZRQ'W Pake eiWheU eUURU. HRZeYeU, Ze caQ RQO\
baVe RXU deciViRQ Rf RXU eYideQce Ze caQ gaWheU - Whe WUXWh
iV RXW Rf RXU gUaVS!
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Mx Ga^e

The Rplem

The
Ammp^ioia_m

The Temo

The Ellalm

The Euide_ce

Gaoheli_g Soaoimoical Euide_ce

Oka\, Vo Ze don'W ZanW Wo make eiWher error - WhaW meanV

Ze need good eYidence.

Like Ze Walked aboXW before, eYen if Whe game iV fair one

WeVW roXnd of Whe game ZoXld noW be enoXgh Wo make a

good deciVion Vince draZing a red-VXiWed card and

draZing a black-VXiWed card are boWh preWW\ normal for a

Vingle roXnd of Whe game.

BXW ZhaW if Ze pla\ed Whe game 10 WimeV in a roZ? AfWer 10

roXndV, do \oX Whink Ze ZoXld haYe enoXgh eYidence Wo

make a deciVion aboXW oXr aVVXmpWion?
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Mx Game

The Rplem

The
Ammpmioianm

The Temo

The Ellalm

The Euidence

i¸ualpe

i¸ualpe

If Ze aVVXme Whe nXll h\poWheViV, When Ze can make Vome
aVVXmpWionV aboXW ZhaW reVXlWV are likel\ and ZhaW
reVXlWV are Xnlikel\. We deVcribe Whe likelihood of Whe
reVXlWV WhaW Ze acWXall\ geW XVing a S-YalXe

S-YalXe 
AfWer gaWhering eYidence (aka, daWa) Ze can
deWermine Whe probabiliW\ WhaW Ze ZoXld haYe
goWWen Whe eYidence Ze did if oXr aVVXmpWionV
Zere WrXe. ThaW probabiliiW\ iV called Whe p-
YalXe. If Whe p-YalXe iV reall\, reall\ Vmall WhaW
meanV WhaW Whe aVVXmpWionV Ze VWarWed ZiWh
are preWW\ Xnlikel\ and Ze rejecW oXr
aVVXmpWionV. If Whe p-YalXeV iV noW Vmall, When
Whe eYidence collecWed (aka, Whe daWa) iV preWW\
normal for oXr aVVXmpWionV and Ze fail Wo
rejecW oXr aVVXmpWionV.
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Mx Game

The Rplem

The
Ammpmioianm

The Temo

The Ellalm

The Euidence

i¸ualpe

i¸ualpe

In other words, we collect evidence and determine a way
to measure the whether or not our data was unusual if oXU
aVVXmSWionV aUe WUXe.

If we have a very, very low chance of

seeing both our results and
having true assumptions then we reject the
assumptions

Going along with the terminology we have introduced, if
we have a small p-value then we reject our null
hypothesis.
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Mx Ga^e

The Rplem

The
Ammp^ioia_m

The Temo

The Ellalm

The Euide_ce

i¸ualpe

Gaoheli_g Soaoimoical Euide_ce

In WhiV game, if Ze aVVXme WhaW Whe game iV fair, Ze haYe

WZo oXWcomeV: VXcceVV (Zinning) and failXre (loVing)
a conVWanW chance of a VXcceVVfXl oXWcome ,
aVVXming Whe game iV fair)
independenW roXndV of Whe game (aVVXming fair
VhXffle, Zhich Ze can check)

In oWher ZordV, if Ze WeVW Whe game 10 WimeV Ze can model
Whe nXmber of VXcceVVfXl oXWcomeV aV binomial: For  =
Whe WoWal nXmber of ZinV,

ThiV giYeV XV a Za\ of geWWing oXr p-YalXe
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Mx Ga^e

The Rp\em

The
Ammp^ioia_m

The Temo

The Ellalm

The Euide_ce

i¸ua\pe

The
Ca_c\pmia_

Gaoheli_g Soaoimoica\ Euide_ce

We pla\ed Whe game. LeW'V figXre oXW ZheWher oXr reVXlWV
Zere XnXVXal or noW.

Again, Ze aVVXme Whe game iV fair and haYe decided WhaW
Whe nXmber of WimeV Ze Zin Zill folloZ a binomial
diVWribXWion ZiWh probabiliiW\ fXncWion

NoZ Ze need Wo make a conclXVion: do Ze accepW or rejecW
oXr aVVXmpWionV? WhaW do Ze conVider XnXVXal? IV iW fair
Wo decide afWer Ze pla\?
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Mx Ga^e

The Rplem

The
Ammp^ioia_m

The Temo

The Ellalm

The Euide_ce

i¸ualpe

The
Ca_clpmia_

Sp^^alx

SomeWimes Ze can knoZ if someWhing is WrXe or noW b\
e[amining Whe WrXWh direcWl\, bXW noW alZa\s
When Ze can'W e[amine Whe WrXWh, Ze need Wo WesW
ZhaW Ze belieYe Wo be WrXe
A sWaWisWical WesW is a Wool for WesWing oXr assXmpWions
aboXW ZhaW Ze belieYe

We sWaWe oXr assXmed belief (generall\ oXr
cXrrenW beliefs, or Whe eWhical beliefs, or Whe beliefs
Ze hope are WrXe, ...)
We come Xp ZiWh a Za\ of collecWing daWa WhaW
coXld YalidaWe or inYalidaWe oXr assXmpWion
We measXre hoZ likel\ iW Zas WhaW Ze ZoXld haYe
gaWhered Whe daWa Ze did if oXr assXmpWions Zere
correcW
We rejecW Whe assXmpWions if oXr daWa is Yer\
Xnlikel\ Ze are oXr cXrrenW beliefs
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Hxiaohemim
Temoing Hxiaohemim oemoing

Last section illustrated hoZ probabilit\ can enable
confidence interval estimation. We can also use
probabilit\ as a means to use data to quantitativel\ assess
the plausibilit\ of a trial value of a parameter.

SWaWiVWical iQfeUeQce is using data from the sample to
draZ conclusions about the population.

1. IQWeUYal eVWiPaWiRQ (cRQfideQce
iQWeUYalV): 
Estimates population parameters and
specif\ing the degree of precision of the
estimate.

1. H\SRWheViV WeVWiQg: 
Testing the validit\ of statements about the
population that are formed in terms of
parameters.
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Hypothesis
Testing

Null

De�nition¢

Statistical significance testing is the use of data in the
quantitatiYe assessment of the plausibilit\ of some trial
Yalue for a parameter (or function of one or more
parameters).
Significance (or h\pothesis) testing begins Zith the
specification of a trial Yalue (or hypothesis).

A null hypothesis is a statement of the form

or

for some  that forms the basis of inYestigation in a
significance test. A null h\pothesis is usuall\ formed to
embod\ a status quo/"pre-data" YieZ of the parameter. It is
denoted .
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Hxpoohesis
Tesoing

Npll

Aloernaoiue

De�nioion¢

An alWeUnaWiYe h\SoWheViV is a statement that stands in

opposition to the nXll h\pothesis. It specifies Zhat forms

of departXre from the nXll h\pothesis are of concern. An

alternatiYe h\pothesis is denoted as . It is of the form

or

E[amples (testing the trXe mean YalXe):

Often, the alternatiYe h\pothesis is based on an

inYestigator's sXspicions and/or hopes aboXt th trXe state

of affairs.
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Hxpothesis
Testing

Npll

Alternatiue

The goal is Wo Xse Whe daWa Wo debXnk Whe nXll h\poWhesis in
faYor of Whe alWernaWiYe.

1. AssXme .

2. Tr\ Wo shoZ WhaW, Xnder , Whe daWa are preposWeroXs.
(Xsing probabiliW\)

3. If Whe daWa are preposWeroXs, rejecW  and conclXde 
.

The oXWcomes of a h\poWhesis WesW consisWs of:
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Hxiaohemim
Temoing

Npll

Aloelnaoiue

Plababiliox af oxie I ellal

It is not possible to reduce both type I and type II erros at
the same time. The approach is then to fix one of them.

We then fix the SURbabiliW\ Rf W\Se I eUURU and try to
minimize the probability of type II error.

We define the probability of type I error to be 
(the significance level)
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Hxpothesis
Testing

Npll

Alternatiue

Example: [FaiU cRiQ]

SXSSRVe Ze WRVV a cRiQ  WimeV, aQd Whe UeVXlWV aUe
deQRWed b\ . We XVe  WR deQRWe Whe UeVXlW
Rf a head aQd  WR deQRWe Whe UeVXlWV Rf a Wail. TheQ 

 ZheUe  deQRWeV Whe chaQce Rf
geWWiQg headV, VR . GiYeQ
Whe UeVXlW iV \RX gRW all headV, dR \RX WhiQk Whe cRiQ iV faiU?

If  ZaV cRUUecW, WheQ 

I dRQ'W WhiQk WhiV cRiQ iV faiU (UejecW  iQ faYRU
Rf )
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Hxpothesis
Testing

Npll

Alternatiue

In the real life, Ze ma\ have data from man\ different
kinds of distributions! Thus Ze need a universal
frameZork to deal Zith these kinds of problems.

We have  iid trials  B\ CLT Ze knoZ if 
 then

We obsrved , so

Then the probabilit\ of seeing as ZieUd RU ZieUdeU data is
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Hxiaohemim
Temoi_g

Npll

Aloel_aoiue

P¸ualpe

Sig_i�ca_ce oemom fal a mea_

DefiniWiRn:
A WeVW VWaWiVWic LV WKe SaUWLcXOaU fRUP Rf QXPeULcaO daWa
VXPPaUL]aWLRQ XVed LQ a VLgQLfLcaQce WeVW.

DefiniWiRn:
A UefeUence (RU nXll) diVWUibXWiRn fRU a WeVW VWaWLVWLc LV WKe
SURbabLOLW\ dLVWULbXWLRQ deVcULbLQg WKe WeVW VWaWLVWLc,
SURYLded WKe QXOO K\SRWKeVLV LV LQ facW WUXe.

DefiniWiRn:
TKe RbVeUYed leYel Rf Vignificance RU -YalXe LQ a
VLgQLfLcaQce WeVW LV WKe SURbabLOLW\ WKaW WKe UefeUeQce
dLVWULbXWLRQ aVVLgQV WR WKe VeW Rf SRVVLbOe YaOXeV Rf WKe WeVW
VWaWLVWLc WKaW aUe at least as e[treme as WKe RQe acWXaOO\
RbVeUYed.
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Hxiaohemim
Temoi_g

Npll

Aloel_aoiue

P¸ualpe

Sig_i�ca_ce oemom fal a mea_

IQ WKH SUHYLRXV H[aPSOH, WKH WHVW VWaWLVWLc ZaV 

IQ WKH SUHYLRXV H[aPSOH, WKH QXOO dLVWULbXWLRQ ZaV 

IQ WKH SUHYLRXV H[aPSOH, WKH S-YaOXH ZaV < 0.000001
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Hxiaohemim
Temoi_g

Npll

Aloel_aoiue

P¸ualpe

Sig_i�ca_ce oemom fal a mea_

IQ RWKeU ZRUdV:

LeW K be WKe WeVW VWaWLVWLcV YaOXe baVed RQ WKe daWa

Sa\

LV deILQed aV WKe S-YaOXe

38 / 53



Hxiaohemim
Temoi_g

Npll

Aloel_aoiue

P¸ualpe

Sig_i�ca_ce oemom fal a mea_

Based on our results from Section 6.2 of the notes, Ze can
deYelop h\pothesis tests for the true mean Yalue of a
distribution in Yarious situations, giYen an iid sample 

 Zhere .

Let  be the Yalue of the test statistic, , and 
. Here is a table of -Yalues that \ou should use

for each set of conditions and choice of .
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Soeim oa ielfalm a hxiaohemim oemo

1. SWaWe  aQd 

2. SWaWe , VigQificaQce leYel, XVXall\ a Vmall
QXmbeU (0.1, 0.05 RU 0.01)

3. SWaWe fRUm Rf Whe WeVW VWaWiVWic, iWV
diVWUibXWiRQ XQdeU Whe QXll h\SRWheViV, aQd
all aVVXmSWiRQV

4. CalcXlaWe Whe WeVW VWaWiVWic aQd S-YalXe

5. Make a deciViRQ baVed RQ Whe S-YalXe(if S-
YalXe < , UejecW  RWheUZiVe Ze fail WR
UejecW )

6. IQWeUSUeW Whe cRQclXViRQ XViQg Whe cRQVeSW
Rf Whe SURblem
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Example:[C\linderV]

The VWrengWhV of  VWeel c\linderV Zere meaVXred in MPa.
The Vample mean VWrengWh iV  MPa ZiWh a Vample
VWandard deYiaWion of  MPa. AW Vignificance leYel 

, condXcW a h\poWheViV WeVW Wo deWermine if Whe
c\linderV meeW Whe VWrengWh reqXiremenW of 0.8 MPa.
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Example: [CRncUeWe beamV]

10 cRncUeWe beamV ZeUe each meaVXUed fRU fle[XUal
VWUengWh (MPa). The daWa iV aV fRllRZV.

[1] 8.2 8.7 7.8 9.7 7.4 7.8 7.7 11.6 11.3 11.8

The VamSle mean ZaV  MPa and Whe VamSle YaUiance
ZaV  MPa. CRndXcW a h\SRWheViV WeVW WR find RXW if
Whe fle[XUal VWUengWh iV diffeUenW fURm  MPa.
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Hxioohemim oemoing pming ohe CI

We caQ aOVR XVe WKe  cRQfLdeQce LQWeUYaO WR SeUfRUP
K\SRWKeVLV WeVWV (LQVWead Rf -YaOXeV). TKe cRQfLdeQce
LQWeUYaO ZLOO cRQWaLQ  ZKeQ WKeUe LV OLWWOe WR QR eYLdeQce
aJaLQVW  aQd ZLOO QRW cRQWaLQ  ZKeQ WKeUe LV VWURQJ
eYLdeQce aJaLQVW .
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CI meohad

Hxiaohemim oemoi_g pmi_g ohe CI

SWeSV WR SeUfRUP a h\SRWheViV WeVW XViQg a cRQfideQce
iQWeUYal:

1. SWaWe  aQd 

2. SWaWe , VigQificaQce leYel

3. SWaWe Whe fRUP Rf 100  % CI alRQg
ZiWh all aVVXPSWiRQV QeceVVaU\. (XVe RQe-
Vided CI fRU RQe-Vided WeVWV aQd WZR-Vided
CI fRU WZR Vided WeVWV)

4. CalcXlaWe Whe CI

5. BaVed RQ 100  % CI, eiWheU UejecW 
(if  iV QRW iQ Whe iQWeUYal) RU fail WR UejecW
(if  iV iQ Whe iQWeUYal )

6. IQWeUSUeW Whe cRQclXViRQ iQ Whe cRQWeQW Rf
Whe SURbleP
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CI meohad

Example:[BUeaking VWUengWh Rf ZiUe, cRnW'd]

SXSSRVe \RX aUe a manXfacWXUeU Rf cRnVWUXcWiRn
eTXiSmenW. YRX make  inch ZiUe URSe and need WR
deWeUmine hRZ mXch ZeighW iW can hRld befRUe bUeaking
VR WhaW \RX can label iW cleaUl\. YRX haYe bUeaking
VWUengWhV, in kg, fRU  VamSle ZiUeV ZiWh VamSle mean
bUeaking VWUengWh  kg and VamSle VWandaUd deYiaWiRn

 kg. UVing Whe aSSURSUiaWe  cRnfidence inWeUYal,
cRndXcW a h\SRWheViV WeVW WR find RXW if Whe WUXe mean
bUeaking VWUengWh iV abRYe  kg.

SWeSV:

1- 

2- 
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E[amSle:[BUeaNiQg VWUeQgWh Rf ZiUe, cRQW'd]

3- OQe-Vided WeVW aQd Ze caUe abRXW Whe ORZeU

bRXQd. SR, Ze XVe .

4- FURP Whe e[aPSOe iQ SUeYiRXV VeW Rf VOideV,
Whe CI iV .

5- SiQce  iV QRW iQ Whe CI, Ze UejecW .

6- TheUe iV VigQificaQW eYideQce WR cRQcOXde WhaW
Whe WUXe PeaQ bUeaNiQg VWUeQgWh Rf ZiUe iV
gUeaWeU WhaQ Whe 85Ng. HeQce Whe UeTXiUePeQW
iV PeW.
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CI meohad

Example: [CRQcUHWH bHaPV, cRQW'd]

10 cRQcUHWH bHaPV ZHUH HacK PHaVXUHd IRU IOH[XUaO
VWUHQJWK (MPa). TKH daWa LV aV IROORZV.

[1] 8.2 8.7 7.8 9.7 7.4 7.8 7.7 11.6 11.3 11.8

TKH VaPSOH PHaQ ZaV  MPa aQd WKH VaPSOH YaULaQcH
ZaV  . AW , WHVW WKH K\SRWKHVLV WKaW
WKH WUXH PHaQ IOH[XUaO VWUHQJWK LV  MPa XVLQJ a
cRQILdHQcH LQWHUYaO. SWHSV:

1- 

2- 

3- TKLV LV WZR-VLdHd WHVW ZLWK  aQd 100 
 % CI LV
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E[amSle:[BUeakiQg VWUeQgWh Rf ZiUe, cRQW'd]

4- Check WhaW Whe CI iV .

5- SiQce  iV ZiWhiQ Whe CI, Ze fail WR
UejecW .

6- TheUe iV QRW eQRXgh eYideQce WR cRQclXde
WhaW Whe WUXe PeaQ fle[XUal VWUeQgWh iV diffeUeQW
fURP 10 MSa.
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CI meohad

Example:[PaLQW WKLcNQeVV, cRQW'd]

CRQVLdeU WKe fROORZLQJ VaPSOe Rf RbVeUYaWLRQV RQ cRaWLQJ
WKLcNQeVV fRU ORZ-YLVcRVLW\ SaLQW.

[1] 0.83 0.88 0.88 1.04 1.09 1.12 1.29 1.31 1.48 1.49 1.59 1.62
1.65 1.71 [15] 1.76 1.83

UVLQJ , WeVW WKe K\SRWKeVLV WKaW WKe WUXe PeaQ
SaLQW WKLcNQeVV LV  PP. NRWe, WKe \% cRQfLdeQce
LQWeUYaO fRU WKe WUXe PeaQ SaLQW WKLcNQeVV ZaV caOcXOaWed
fURP befRUe aV .

1- 

2- 

3- TKLV LV WZR-VLded WeVW ZLWK , 
XQNQRZQ, VR 100  % CI LV
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E[amSle:[BUeaking VWUengWh of ZiUe, conW'd]

4- The CI iV .

5- Since  iV noW in Whe Whe CI, Ze UejecW
.

6- TheUe iV enoXgh eYidence Wo conclXde WhaW
Whe WUXe mean SainW WhickneVV iV noW 1mm.
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Hypothesis
Testing

Null

Alternative

P-value

CI method

Matched Pairs

Two-sample

Inference for matched pairs and two-sample data

An important t\pe of application of confidence interval
estimation and significance testing is when we either have
paired data or two-sample data.

Recall: Matched pairs

Paired data is bivariate responses that consists of several
determinations of basicall\ the same characteristics

Example: 

Practice SAT scores before and after a
preperation course

Severit\ of a disease before and after a
treatment

Fuel econom\ of cars before and after
testing new formulations of gasoline
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I_fele_ce fal ^aoched iaSlm a_d ova¸
ma^i\e daoa
One simple meWhod of inYesWigaWing Whe possibiliW\ of a

consisWenW difference beWZeen paired daWa is Wo

1. RedXce Whe measXremenWs on each objecW

Wo a single difference beWZeen Whem

2. MeWhods of confidence inWerYal esWimaWion

and significance WesWing applied Wo

differences (Xsing Normal or W disWribXWions

Zhen appropriaWe)
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Example:[FXeO ecRQRP\]

TZeOYe caUV ZeUe eTXLSSed ZLWh UadLaO WLUeV aQd dULYeQ
RYeU a WeVW cRXUVe. TheQ the same twelve cars (ZLWh Whe
VaPe dULYeUV) ZeUe eTXLSSed ZLWh UegXOaU beOWed WLUeV aQd
dULYeQ RYeU Whe VaPe cRXUVe.

AfWeU each UXQ, Whe caUV gaV ecRQRP\ (LQ NP/O) ZaV
PeaVXUed. UVLQg VLgQLfLcaQce OeYeO  aQd Whe
PeWhRd Rf cULWLcaO YaOXeV, WeVW fRU a dLffeUeQce LQ fXeO
ecRQRP\ beWZeeQ Whe UadLaO WLUeV aQd beOWed WLUeV.

CRQVWUXcW a 95% cRQfLdeQce LQWeUYaO fRU WUXe PeaQ
dLffeUeQce dXe WR WLUe W\Se. (L.e )

caU 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 11.0 12.0

UadLaO 4.2 4.7 6.6 7.0 6.7 4.5 5.7 6.0 7.4 4.9 6.1 5.2

beOWed 4.1 4.9 6.2 6.9 6.8 4.4 5.7 5.8 6.9 4.7 6.0 4.9
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E[ample:[FXeO ecRQRP\]

caU 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 11.0 12.0

UadLaO 4.2 4.7 6.6 7.0 6.7 4.5 5.7 6.0 7.4 4.9 6.1 5.2

beOWed 4.1 4.9 6.2 6.9 6.8 4.4 5.7 5.8 6.9 4.7 6.0 4.9

d 0.1 -0.2 0.4 0.1 -0.1 0.1 0.0 0.2 0.5 0.2 0.1 0.3

SLQce Ze haYe SaLUed daWa, Whe fLUVW WhLQg WR dR LV WR fLQd
Whe dLffeUeQceV Rf Whe SaLUed daWa. ( , ZheUe 
LV aVVRcLaWed ZLWh UadLaO aQd  LV aVVRcLaWed ZLWh beOWed
WLUeV.)

TheQ ZULWLQg dRZQ Whe LQfRUPaWLRQ aYaLOabOe:

TheQ Ze MXVW Qeed WR aSSO\ VWeSV Rf h\SRWheVLV WeVWLQg.
NRWe WhaW Whe QXOO h\SRWheVLV heUe LV WhaW Where iV no
difference beWZeeQ Whe gaV ecRQRP\ UecRUded Rf Whe WZR
dLffeUeQW WLUeV.(L.e ) 56 / 70
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Example:[FXHO HcRQRP\]

1- 

2- 

3- I ZLOO XVH WKH WHVW VWaWLVWLcV  ZKLcK

KaV a  GLVWULbXWLRQ aVVXPLQJ WKaW

 LV WUXH aQG

 aUH LLG 
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E[amSle:[BUeaking VWUengWh of ZiUe, conW'd]

4- .

5- Since S-YalXe < 0.05, Ze UejecW .

6- TheUe iV enoXgh eYidence Wo conclXde WhaW
fXel econom\ diffeUV beWZeen Uadial and belWed
WiUeV.
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Example:[BUeaNLQJ VWUeQJWK Rf ZLUe, cRQW'd]

b

b

b

b
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Unlike VWaQdaUd NRUmal diVWUibXWiRQ Wable
Zhich giYeV XV pUobabiliW\ XndeU Whe VWandaUd
NoUmal cXUYe, W WableV aUe TXanWile WableV.

i.e We XVe Whe  Wable (Table B.4 in VaUdeman
and Jobe) Wo calcXlaWe TXanWileV.

To haYe e[acW pUobabiliWieV, Ze need VofWZaUe.
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Tva i^ialoa_o iai_om¢

P-YaOXe aQd  aUe bRWK SURbabLOLWLeV. (VR 
 ).

TKe\ aUe aUeaV XQdeU WKe cXUYe LQ WaLOV XQdeU
nXll h\poWheViV.
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Hypothesis
Testing

Null

Alternative

P-value

CI method

Matched Pairs

Two-sample

For a random variable with :

B\ Whe W WabOe, Whe W TXaQWiOe Rf  iV 2.2.
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Fal ohe clSoSca\ ua\pe ve ca\cp\aoed p_del ohe _p\\
hxiaohemSm¢

The criWical YalXe calcXlaWed is 
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Baoh oageohel

We UeMecW WKe QXOO Lf S-YaOXe < .

RePePbeU S-YaOXe aQd  aUe aUeaV XQdeU WKe
cXUYe 69 / 90
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Example:[EQd-cXW URXWeU]

CRQVLdeU WKe RSeUaWLRQ Rf aQ eQd-cXW URXWeU LQ WKe
PaQXfacWXUe Rf a cRPSaQ\'V ZRRd SURdXcW. BRWK a
OeadLQJ-edJe aQd a WUaLOLQJ-edJe PeaVXUePeQW ZeUe Pade
RQ eacK ZRRdeQ SLece WR cRPe Rff WKe URXWeU.

IV WKe OeadLQJ-edJe PeaVXUePeQW dLffeUeQW fURP WKe
WUaLOLQJ-edJe PeaVXUePeQW fRU a W\SLcaO ZRRd SLece?

DR a K\SRWKeVLV WeVW aW  WR fLQd RXW. MaNe a WZR-
VLded 95% cRQfLdeQce LQWeUYaO fRU WKe WUXe PeaQ Rf WKe
dLffeUeQce beWZeeQ WKe PeaVXUePeQWV.

SLece 1.000 2.000 3.000 4.000 5.000

OeadLQJ_edJe 0.168 0.170 0.165 0.165 0.170

WUaLOLQJ_edJe 0.169 0.168 0.168 0.168 0.169
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Tva¸ma^i\e daoa

PaiUed diffeUenceV pUoYide infeUence meWhodV of a Vpecial
kind foU compaUiVon. MeWhodV WhaW can be XVed Wo
compaUe WZo meanV ZheUe WZo diffeUenW unrelated
VampleV Zill be diVcXVVed ne[W.

SAT VcoUe of high Vchool A YV. high Vchool B

SeYeUiW\ of a diVeaVe in men YV. Zomen

HeighW of LiYeUpool VocceUU pla\eUV YV. Man
UniWed VocceU pla\eUV

FXel econom\ of gaV foUmXla W\pe A YV.
foUmXla W\pe B
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Tva¸ma^i\e daoa

Notations:
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LaUge VamSleV 

TKe dLffeUeQce LQ VaPSOe PeaQV  LV a QaWXUaO
VWaWLVWLc WR XVe LQ cRPSaULQg  aQd .

L.e

If  aQd  aUe kQRZQ, WKeQ Ze KaYe

b
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LaUge VampleV 

If, in addition,  and  are large,

 is independent of  (b\

CLT).

So that  is appro[imatel\ Normal (trXst me)
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LaUge VampleV 

So, if Ze Zant to test  Zith some
alternative h\pothesis,  and  are knoZn, and 

, then Ze use the statistic

b

Zhich has a  distribution if

1.  is true

2. The sample 1 points are iid Zith mean 
and variance , and the sample 2 points

are iid Zith mean  and variance .

3.Sample I is independent of sample II
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LaUge VampleV 

The confidence intervals (2-sided, 1-sided upper, and 1-
sided lower, respectivel\) for  are:

TZR-Vided  confidence interval for 

One-Vided  confidence interval for 
 with a upper confidence bound

One-Vided  confidence interval for 
with a lower confidence bound

78 / 90



Hxiaohemim
Temoi_g

Np\\

A\oel_aoiue

P¸ua\pe

CI ^eohad

Maoched Pailm

Tva¸ma^i\e

LaUge VamSleV 

II  aQd  aUH XQkQRZQ, aQd , WKHQ
ZH XVH WKH VWaWLVWLc

aQd cRQILdHQcH LQWHUYaOV (2-VLdHd, 1-VLdHd XSSHU, aQd 1-
VLdHd ORZHU, UHVSHcWLYHO\) IRU :

Two-sided  cRQILdHQcH LQWHUYaO IRU 
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LaUge VampleV 

One-sided  confidence inWeUYal foU 
 ZiWh a XSSeU confidence boXnd

One-sided  confidence inWeUYal foU 
ZiWh a loZeU confidence boXnd
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Example:[AQchRU bROWV]

AQ e[SeUiPeQW caUUied RXW WR VWXd\ YaUiRXV chaUacWeUiVWicV
Rf aQchRU bROWV UeVXOWed iQ 78 RbVeUYaWiRQV RQ VheaU
VWUeQgWh (kiS) Rf 3/8-iQ. diaPeWeU bROWV aQd 88 RbVeUYaWiRQV
RQ VWUeQgWh Rf 1/2-iQ. diaPeWeU bROWV.

LeW SaPSOe 1 be Whe 1/2 iQ diaPeWeU bROWV aQd SaPSOe 2 be
Whe 3/8 iQdiaPeWeU bROWV.

UViQg a VigQificaQce OeYeO Rf , fiQd RXW if Whe 1/2 iQ
bROWV aUe PRUe WhaQ 2 kiS VWURQgeU (iQ VheaU VWUeQgWh) WhaQ
Whe 3/8 iQ bROWV. CaOcXOaWe aQd iQWeUSUeW Whe aSSURSUiaWe
99% cRQfideQce iQWeUYaO WR VXSSRUW Whe aQaO\ViV.
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Example:[Anchor bolWV]
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Small samples

If  or , then Ze need some other
assXmptions to hold in order to complete inference on
tZo-sample data.

We need tZo independent samples to be iid
Normall\ distributed and 

A test statistic to test  against some
alternative is

Zhere  is called pooled sample Yariance and is
defined as
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Small samples

AOVR aVVXPLQJ

 LV WUXe,
TKe VaPSOe 1 SRLQWV aUe LLd , WKe VaPSOe 2

SRLQWV aUe LLd ,
aQd WKe VaPSOe 1 SRLQWV aUe LQdeSeQdeQW Rf WKe
VaPSOe 2 SRLQWV aQd .

TKeQ
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Small samples

 confidence intervals (2-sided, 1-sided upper, and 1-
sided lower, respectivel\) for  under these
assumptions are of the form:

(let )

TZR-Vided  confidence interval for 

One-Vided  confidence interval for 
 with a upper confidence bound
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Small samples

OQe-VLded  cRnfidence inWeUYal fRU 
ZiWh a lRZeU cRnfidence bRXnd
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Small VampleV

E[ample:[SSULQJV]

TKe daWa Rf W. AUPVWURQJ RQ VSULQJ OLfeWLPeV (aSSeaULQJ

LQ WKe bRRN b\ CR[ aQd OaNeV) QRW RQO\ cRQceUQ VSULQJ

ORQJeYLW\ aW a 950 N/  VWUeVV OeYeO bXW aOVR ORQJeYLW\ aW

a 900 N/  VWUeVV OeYeO.

LeW VaPSOe 1 be WKe 900 N/  VWUeVV JURXS aQd VaPSOe 2

be WKe 950 N/  VWUeVV JURXS.

900 N/mm2 SWreVV 950 N/mm2 SWreVV

216, 162, 153, 216, 225, 216,

306, 225, 243, 189

225, 171, 198, 189, 189, 135,

162, 135, 117, 162
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Small VamSleV

E[amSle:[SSULQJV]

LHW'V dR a K\SRWKHVLV WHVW WR VHH LI WKH VaPSOH 1 VSULQJV
OaVWHd VLJQLILcaQWO\ ORQJHU WKaQ WKH VaPSOH 2 VSULQJV.
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Small VamSleV

E[amSle:[SWopping diVWance]

SXppoVe  and  aUe WUXe mean VWopping diVWanceV (in
meWeUV) aW 50 mph foU caUV of a ceUWain W\pe eTXipped ZiWh
WZo diffeUenW W\peV of bUeaking V\VWemV.

SXppoVe , , , 
, and .

UVe Vignificance leYel  Wo WeVW 
 YV. .

ConVWUXcW a 2-Vided 99% confidence inWeUYal foU Whe WUXe
diffeUence in VWopping diVWanceV.
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