
STATÃ����ÃChafleiÃ�STATÃ����ÃChafleiÃ�

InfeienceÃfoiÃcmireÃandÃjmifaceÃ|llingInfeienceÃfoiÃcmireÃandÃjmifaceÃ|lling

AminÃShiiaxiAminÃShiiaxi

CoXUVe Sage:CoXUVe Sage:
aVhiUa]iVW.giWhXb.io/VWaW305.giWhXb.ioaVhiUa]iVW.giWhXb.io/VWaW305.giWhXb.io

1 / 531 / 53



ChapterÃ��ChapterÃ��

InferenceÃforÃcmrreÃandÃsmrfaceÃ|ttingInferenceÃforÃcmrreÃandÃsmrfaceÃ|tting

2 / �32 / �3



SimpleÃLinear
regrejjion InferenceÃforÃcmrreÃandÃjmrfaceÃ|lling

PreYiousl\, Ze haYe discussed hoZ to describe
relationships betZeen Yariables (Ch. 4). We
noZ moYe into formal inference for these
relationships starting Zith relationships
betZeen tZo Yariables and moYing on to more.

SimpleÃlinearÃregrejjion

Recall, in Ch. 4, Ze Zanted an equation to describe hoZ a
dependent (response) Yariable, , changes in response to a
change in one or more independent (e[perimental)
Yariable(s), .

We used the notation
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Si[fleÃLi\eai
Regiejji^\

Zhere  is Whe inWercepW.

IW is Whe e[pecWed YalXe for \ Zhen .

 is Whe slope.

IW is Whe e[pecWed increase (decrease) in \ for
eYer\ RQe XniW change in [

 is some error. In facW,

Recall:

Cheking if residXals are normall\ disWribXWed is
one of oXr model assessmenW WechniqXe.

GRaO: We ZanW Wo Xse inference Wo geW inWerYal esWimaWes
for oXr slope and predicWed YalXes and significance WesWs
WhaW Whe slope is noW eqXal Wo ]ero.
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SimpleÃLinear
Regrejjion

Variance
Ejlimalion

VarianceÃejlimalion

In the simple linear regression , the
parameters are ,  and .

We alread\ knoZ hoZ to estimate  and  using least
squares.

We need an estimate for  in a UegUeVVion, or "line-fiWWing"
conte[t.

Definition:

For a set of data pairs  Zhere least
squares fitting of a line produces fitted values 

 and residuals ,

is the line-fitting sample variance.
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SimpleÃLineai
Regiejjion

Vaiiance
Ejlimalion

MSE

VaiianceÃejlimalion

Associated Zith  are  degrees of freedom
and an estimated standard deviation of response 

.

This is also called MeaQ STXaUe EUURU (MSE)
and can be found in JM3 output.

It has  degrees of freedom because
Ze must estimate 2 quantities  and  to
calculate it.

 estimates the level of basic background

variation , Zhenever the model is an
adequate description of the data.
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SimfleÃLi\eai
Regiejji^\

Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^iÃfaiameleij

IQfeUeQce fRU :

We are ofWen inWereVWed in WeVWing if . ThiV WeVWV
ZheWher or noW Where iV a VigQificaQW OiQeaU UeOaWiRQVhiS
beWZeen  and . We can do WhiV XVing

1. 100*  % confidence inWerYal

2.Formal h\poWheViV WeVWV

BoWh of WheVe reqXire

1. An eVWimaWe for  and

2. a VWaQdaUd eUURU for 
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SimfleÃLi\eai
Regiejji^\

Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

InfeUence foU :

It can be shown that since  and 

, then

Note that we never know , so we must estimate it using 
.

So, a % CI for  is

and the test statistic for  is
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

Example:[Ceramic poZder pressing]

A mi[ture of , pol\Yin\l alcohol, and Zater Zas
prepared, dried oYernight, crushed, and sieYed to obtain
100 mesh si]e grains.

These Zere pressed into c\linders at pressures from 2,000
psi to 10,000 psi, and c\linder densities Zere calculated.
Consider a pressure/densit\ stud\ of  data pairs
representing

in the dr\ pressing of a ceramic compound into c\linders.
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

Example:[CHUDPLF SRZGHU SUHVVLQJ]

pressure density pressure density

2000 2.486 6000 2.653

2000 2.479 8000 2.724

2000 2.472 8000 2.774

4000 2.558 8000 2.808

4000 2.570 10000 2.861

4000 2.580 10000 2.879

6000 2.646 10000 2.858

6000 2.657
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Regiejji^\

Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

Example:[Ceramic poZder pressing]

A line has been fit in JMP using the method of least
squares.
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

Example:[CeUaPLc SRZdeU SUeVVLQg] 

 

LeaVW VTXaUeV UegUeVVLRQ Rf deQVLW\ RQ SUeVVXUe Rf ceUaPLc
c\OLQdeUV
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

Example:[Ceramic poZder pressing]

1.Write out the model Zith the appropriate estimates.

b

b

2.Are the assumptions for the model met?

b

b

b

3.What is the fraction of raZ Yariation in  accounted for
b\ the fitted equation?

b

b
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

Example:[Ceramic powder pressing]

4.What is the correlation between  and ?

 

 

5.Estimate .

 

 

6.Estimate .
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

Example:[Ceramic poZder preVVing]

7.CalcXlaWe and inWerpreW Whe 95% CI for 

b

b

8.CondXcW a formal h\poWheViV WeVW aW Whe 
Vignificance leYel Wo deWermine if Whe relaWionVhip beWZeen
denViW\ and preVVXre iV VignificanW.

1- 

2- 

3- I Zill XVe Whe WeVW VWaWiVWicV 

Zhich haV a  diVWribXWion aVVXming WhaW

 iV WrXe and

The regreVVion model iV Yalid
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

E[ample:[Ceramic poZder pressing]

4- 

.

So,

p-Yalue 

5- Since , Ze

UejecW .

6- There is enough eYidence to conclude that
there is a lineaU UelaWionVhip beWZeen denViW\
and pUeVVXUe
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

I\feie\ceÃf^iÃmea\Ãiejf^\je

Recall oXr model

Under Whe model, Whe WrXe mean response aW some
obserYed coYariaWe YalXe  is

NoZ, if some neZ coYariaWe YalXe  is ZiWhin Whe range of
Whe 's (Ze don'W e[WrapolaWe), Ze can esWimaWe Whe WrXe
mean response aW Whis neZ . i.e

BXW hoZ good is Whe esWimaWe?
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

I\feie\ceÃf^iÃmea\Ãiejf^\je

Under the model,  is Normall\ distributed with

and

Where [ is the individual value of [ that we care about
estimating  at, and  are all 's in our data.

So we can construct a  random variable b\
standardi]ing.
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

I\feie\ceÃf^iÃmea\Ãiejf^\je

And Zhen  is XnknoZn (i.e. basicall\ alZa\s), Ze replace

 ZiWh  Zhere Ze can geW from

JMP as root mean square error (MSE). Then

To WesW , Ze can Xse Whe WesW sWaWisWics

Zhich has a  disWribXWion if 1)  is WrXe and 2) Whe
model is correcW.
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

I\feie\ceÃf^iÃmea\Ãiejf^\je

A 2-sided % CI for  is

and the one-sided the CI are analogoXs.

Note:

in the aboYe formXla,  is not giYen
b\ defaXlt in JMP.
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SimfleÃLi\eai
Regiejji^\

Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

I\feie\ceÃf^iÃmea\Ãiejf^\je

UVLQJ JMP Ze caQ JeW

NRWe WKaW:

We caQ JeW  IURP JMP aV 
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

E[amSle:[CeUamic SRZdeU SUeVVing]

ReWXUn WR Whe ceUamic denViW\ SURblem. We Zill make a 2-
Vided % cRnfidence inWeUYal fRU Whe WUXe mean denViW\ Rf
ceUamicV aW 4000 SVi and inWeUSUeW iW. (NRWe: )

VRlXWiRn:

and
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

Example:[CeUamic SRZdeU SUeVVing]

TheUefRUe, a WZR-Vided % cRnfidence inWeUYal fRU Whe
WUXe mean denViW\ aW 4000 SVi iV

We aUe 95% cRfidenW WhaW Whe WUXe mean denViW\ Rf Whe
ceUamicV aW 4000 SVi iV beWZeen 2.5561 and 2.5833. 26 / 53
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

Example:[Ceramic poZder pressing]

NoZ calculate and interpret a 2-sided % confidence
interval for the true mean densit\ at 5000 psi.

and

27 / 53



SimfleÃLi\eai
Regiejji^\

Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

Example:[CeUamic SRZdeU SUeVVing]

TheUefRUe, a WZR-Vided % cRnfidence inWeUYal fRU Whe
WUXe mean denViW\ aW 4000 SVi iV

We aUe 95% cRfidenW WhaW Whe WUXe mean denViW\ Rf Whe
ceUamicV aW 4000 SVi iV beWZeen 2.60656 and 2.63011
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SimfleÃLi\eai
Regiejji^\

Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

MmllifleÃli\eaiÃiegiejji^\
RecaOO Whe VXPPaUL]aWLRQ Whe effecWV Rf VeYeUaO dLffeUeQW
TXaQWLWaWLYe YaULabOeV  RQ a UeVSRQVe .

WheUe Ze eVWLPaWe  XVLQg Whe leaVW VTXaUeV
pUinciple b\ PLQLPL]LQg Whe fXQcWLRQ

WR fLQd Whe eVWLPaWeV .

We caQ fRUPaOL]e WhLV QRZ aV

ZheUe Ze aVVXPe .
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SimfleÃLi\eai
Regiejji^\

Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

Vaiia\ceÃejlimali^\

BaVed on oXr mXlWiple regreVVion model, Whe reVidXalV are
of Whe form

And Ze can eVWimaWe Whe Yariance Vimilarl\ Wo Whe SLR
caVe.

DefiniWion:

For a VeW of  daWa YecWorV 

Zhere leaVW VqXareV fiWWing iV XVed Wo fiW a VXrface,

iV Whe VXrface-fiWWing Vample Yariance (alVo called mean
VqXare error, MSE). AVVociaWed ZiWh iW are 
degreeV of freedom and an eVWimaWed VWandard deYiaWion

of reVponVe .
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

Vaiia\ceÃejlimali^\

NoWe: Whe SLR fiWWiQg VaPSle YaUiaQce  iV Whe VSecial

caVe Rf  fRU .
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

Example:[SWack loVV]

ConVideU a chemical SlanW WhaW makeV niWUic acid fUom
ammonia. We ZanW Wo SUedicW VWack loVV ( , 10 WimeV Whe 
of ammonia loVW) XVing

: aiU floZ inWo Whe SlanW

: inleW WemSeUaWXUe of Whe cooling ZaWeU

: modified acid concenWUaWion (% ciUcXlaWing
acid -50% )  10
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

Example:[SWaFN ORVV]
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

Example:[SWack loss]

Then Ze haYe Whe fiWWed model as

The residXal ploWs VS.  ,   and  look like
random scaWWer aroXnd ]ero.

The QQ-ploW of Whe residXals looks linear,
indicaWing WhaW Whe residXals are Normall\
disWribXWed.

This model is Yalid.
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SimfleÃLi\eai
Regiejji^\

Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

I\feie\ceÃf^iÃfaiameleij

We aUe ofWen inWeUeVWed in anVZeUing TXeVWionV (doing
foUmal infeUence) foU  indiYidXall\. FoU
e[amSle, Ze ma\ ZanW Wo knoZ if WheUe iV a VignificanW
UelaWionVhiS beWZeen  and  (holding all elVe conVWanW).

\YVSace^.2in`

UndeU oXU model aVVXmSWionV,

foU Vome SoViWiYe conVWanW . ThaW aUe
haUd Wo comSXWe anal\Wicall\, bXW JMP can helS)

ThaW meanV
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

I\feie\ceÃf^iÃfaiameleij

SR, a WHVW VWaWLVWLc IRU  LV

LI 1)  LV WUXH aQG 2) WKH PRGHO LV YaOLG, aQG a 2-VLGHG 
% CI IRU  LV

RU
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

E[amSle:[SWack ORVV, cRQW'd]

UViQg Whe PRdeO fiW RQ VOide 35, aQVZeU Whe fROORZiQg
TXeVWiRQV:

1.IV Whe aYeUage chaQge iQ VWack ORVV  fRU a RQe XQiW
chaQge iQ aiU fORZ iQWR Whe SOaQW  OeVV WhaQ 1 (hROdiQg
aOO eOVe cRQVWaQW)? UVe a VigQificaQce WeVWiQg fUaPeZRUk
ZiWh .

VRlXWiRn:

1- 

2- 

3- I ZiOO XVe Whe WeVW VWaWiVWicV  Zhich

haV a  diVWUibXWiRQ aVVXPiQg WhaW

 iV WUXe aQd

The UegUeVViRQ PRdeO 
 iV

YaOid
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

E[amSle:[SWack loss, conW'd]

4-  and  . So,

p-YalXe 

5- Since , Ze

UejecW .

6- There is enoXgh eYidence Wo conclXde WhaW
Whe slope on airfloZ is less Whan one XniW
sWackloss/XniW airfloZ. WiWh each XniW increase
in airfloZ and all oWher coYariaWes held
consWanW, Ze e[pecW sWack loss Wo increase b\
less Whan one XniW.
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

E[amSle:[SWack lRVV, cRQW'd]

2.IV Whe WheUe a VigQificaQW UelaWiRQVhiS beWZeeQ VWack lRVV 
 aQd mRdified acid cRQceQWaWiRQ  (hRldiQg all elVe

cRQVWaQW)? UVe a VigQificaQce WeVWiQg fUameZRUk ZiWh 
.

VRlXWiRn:

1- 

2- 

3- I Zill XVe Whe WeVW VWaWiVWicV  Zhich

haV a  diVWUibXWiRQ aVVXmiQg WhaW

 iV WUXe aQd

The UegUeVViRQ mRdel 
 iV

Yalid

42 / 53



SimfleÃLi\eai
Regiejji^\

Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

Example:[Stack loss, cont'd]

4-  and 

 . So,

p-Yalue 

5- Since p-Yalue , Ze fail to reject .

6- There is not enough eYidence to conclude
that, Zith all other coYarates held constant,
there is a significant linear relatinoship
betZeen stack loss and acid concentration.
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

E[ample:[SWack loVV, conW'd]

3.ConVWUXcW and inWeUSUeW a 99% WZo-Vided confidence
inWeUYal foU .

solXWion:

When

We aUe 99% confidenW WhaW foU eYeU\ XniW incUeaVe in acid
concenWUaWion, ZiWh all oWher coYariaWes held consWanW,
Ze e[SecW VWack loVV Wo incUeaVe an\ZehUe fUom -0.2525
XniWV Wo 0.1185 XniWV.
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

E[ample:[SWacN ORVV, cRQW'd]

4.CRQVWUXcW aQd LQWeUSUeW a WZR-VLded 90% cRQfLdeQce
LQWeUYaO fRU 

solXWion:

FRU a 90% WZR-VLded CI fRU ,

TheQ

We aUe 90% cRQfLdeQW WhaW fRU eYeU\ RQe degUee LQcUeaVe
LQ WePSUaWXUe ZiWh all oWher coYariaWes held consWanW,
VWacN ORVV LV e[SecWed WR LQcUeaVe b\ aQ\ZheUe fURP 0.2834
XQLWV WR 0.8713 XQLWV.
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Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

I\feie\ceÃf^iÃmea\Ãiejf^\je

We can also estimate the mean response at the set of
covariate values, . Under the model
assumptions, the estimated mean response, , at 

 is NRUPall\ diVWUibXWed with:

and

for some constant A, that is hard to compute by hand.
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MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
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MLR

I\feie\ceÃf^iÃmea\Ãiejf^\je

TKeQ, XQdeU WKe PRdeO aVVXPSWLRQV

aQd

AQd a WeVW VWaWLVWLc fRU WeVWLQJ  LV

ZKLcK KaV a  dLVWULbXWLRQ XQdeU  Lf WKe PRdeO

KROdV WUXe.
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MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

I\feie\ceÃf^iÃmea\Ãiejf^\je

A 2-Vided % CI for  iV

NoWe WhaW Whe one-Vided CI Zill be analogoXV.

NoWe: , and Ze can XVe JMP

Wo geW WhiV.
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Vaiia\ce
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MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

Example:[SWack lRVV, cRnW'd]

We can XVe JMP WR cRmSXWe a 2-Vided 95\% CI aURXnd Whe
mean UeVSRnVe aW SRinW 3:
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I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

Example:[SWacN ORVV, cRQW'd]

HRZ WR geW SUedLcWed YaOXeV aQd VWaQdaUd eUURUV
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MSE

I\feie\ceÃf^i
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Example:[SWacN ORVV, cRQW'd]

PUedLcWed YaOXeV aQd VWaQdaUd eUURUV.
52 / 53



SimfleÃLi\eai
Regiejji^\

Vaiia\ce
Ejlimali^\

MSE

I\feie\ceÃf^i
Paiameleij

I\feie\ceÃf^i
mea\
iejf^\je

MLR

Example:[SWack lRVV, cRQW'd]

WiWh , Whe 95% cRQdideQce

iQWeUYal iV

We aUe 95% cRQfideQW WhaW ZheQ aiU flRZ iV 62
XQiWV, WePSeUaWXUe iV 23 degUeeV aQd Whe
adjXVWed SeUceQWage Rf ciUcXlaWiQg acid iV 87
XQiWV, Whe WUXe PeaQ VWack lRVV iV beWZeeQ
18.343 aQd 20.151 XQiWV.
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